PHYSICAL REVIEW C 111, 034610 (2025)

Continuum effects and the Trojan horse mechanism in halo nuclei-induced reactions:
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Nonelastic breakup (NEB) reactions induced by the halo nucleus ''Be on %Zn at 28.7 MeV are investigated
using the Ichimura-Austern-Vincent (IAV) model combined with the continuum discretized coupled channels
(CDCC) method. NEB cross sections calculated with full CDCC wave functions (including continuum states),
ground-state-only CDCC wave functions, and single-channel calculations are compared. The results indicate that
continuum effects are negligible and that NEB cross sections are dominated by the ground-state contribution.
This validates the use of simpler models like the distorted wave Born approximation for such reactions.
Additionally, by varying the binding energy in a toy model, the feasibility of using halo nuclei in the Trojan
horse method (THM) for synthesizing heavy isotopes is explored. It is demonstrated that THM significantly
enhances sub-barrier fusion cross sections due to the weak binding of halo nuclei, offering a promising approach

for the synthesis of new elements.

DOI: 10.1103/PhysRevC.111.034610

I. INTRODUCTION

The study of halo nuclei has significantly advanced the un-
derstanding of nuclear forces and nucleon distribution within
atomic nuclei. These nuclei are characterized by a spatially
extended radius with valence nucleons, typically neutrons,
occupying regions that are classically forbidden due to their
weak binding energies. This remarkable feature leads to pro-
nounced coupling between bound states and the continuum,
necessitating a detailed examination of continuum effects on
halo-induced reactions. Continuum effects are especially sig-
nificant because they account for breakup processes wherein
the halo nucleus dissociates into its core and valence nucleons
during scattering interactions. Such coupling critically influ-
ences reaction dynamics near the Coulomb barrier, affecting
elastic scattering, fusion cross sections, and the overall in-
terpretation of experimental data involving halo nuclei. This
provides deeper insights into the interplay between nuclear
structure and reactions in weakly bound systems [1-12].

In addition to the fundamental interest in continuum ef-
fects, halo nuclei offer promising pathways for synthesizing
heavy and superheavy isotopes through mechanisms like the
Trojan horse method (THM) and incomplete fusion processes.
The THM leverages the unique structure of halo nuclei to
bypass the Coulomb barrier, effectively increasing reaction
cross sections at energies below the barrier. In this process,
an indirect approach is employed where a three-body reaction
simulates the two-body reaction of interest, allowing the core
of the halo nucleus to fuse with the target nucleus without
experiencing the full repulsive force of the Coulomb bar-
rier. This can lead to the formation of compound nuclei at
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relatively low excitation energies, below the fission barrier,
thereby enhancing the probability of producing heavy iso-
topes.

Moreover, the known superheavy nuclei produced by
heavy-ion fusion reactions occupy a narrow region of the
nuclear chart close to the proton drip line; that is, these
isotopes are all proton-rich systems [13]. The main chal-
lenge in synthesizing neutron-rich superheavy isotopes lies in
the extremely small cross sections for their formation, even
when using stable beams with higher intensities compared to
neutron-rich radioactive beams. This low probability makes
the synthesis of neutron-rich superheavy isotopes extremely
difficult. Here, halo nuclei offer a new avenue to address this
problem. Their neutron-rich cores, under the Trojan Horse
condition, can be more easily incorporated into the compound
nucleus, potentially leading to the production of neutron-rich
superheavy isotopes.

The potential of halo nuclei in synthesis applications is
further highlighted by incomplete fusion (ICF) mechanisms,
where only a fragment of the projectile fuses with the target
nucleus. In the breakup-fusion (BF) process, considered a
component of ICF, the halo nucleus first breaks up due to its
weak binding energy, and then the core fuses with the target.
This sequence allows the core to bypass much of the Coulomb
barrier, facilitating fusion at sub-barrier energies. By utilizing
halo nuclei and methods like the THM, researchers can ex-
plore new reaction pathways that may increase the formation
probability of heavy and superheavy isotopes. These isotopes
are otherwise challenging to produce due to the hindrance
caused by the Coulomb barrier and the high fission probability
at elevated excitation energies.

In previous work where I was a co-author [14], we in-
vestigated the BF mechanism within the ICF process using
a three-body version of the Ichimura-Austern-Vincent (IAV)
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model [15,16]. We applied the continuum discretized cou-
pled channels (CDCC) method combined with the IAV model
(CDCC-IAV) to discern whether ICF proceeds predominantly
through a two-step process involving the continuum (as in
BF) or through a one-step mechanism involving the ground
state of the halo nucleus. Our findings indicated a mixed
nature for reactions induced by deuterons and °Li, with the
one-step process being dominant [14,17]. However, the spe-
cific dynamics involving halo nuclei like ''Be require further
exploration to fully understand the role of continuum effects
and the potential for synthesis applications.

The present study aims to deepen the understanding of
continuum dynamics in reactions involving ' Be and to assess
the feasibility of using halo nuclei in the THM for synthesiz-
ing heavy isotopes. By comparing nonelastic breakup (NEB)
cross sections, specifically *Zn(''Be, '°BeX) and ®Zn
(“Be, nX), and incorporating transfer cross sections as de-
termined by the IAV model [18], the impact of continuum
components on the reaction mechanisms is evaluated. The
results demonstrate that while there is a slight difference be-
tween the full CDCC calculations and those considering only
the ground state [CDCC(g.s.)], the influence of the continuum
on the NEB cross section and the role of the BF process are
minor. Importantly, the THM shows significant potential in
increasing cross sections below the Coulomb barrier between
the projectile fragments (core) and the target. This suggests
that employing halo nuclei with the THM could be a viable
strategy for synthesizing heavy and super-heavy isotopes by
enhancing fusion probabilities at sub-barrier energies.

The paper is organized as follows. In Sec. II, I provide
a brief overview of the theoretical framework of nonelastic
breakup within the TAV model. Section III presents the appli-
cation of the IAV model with the CDCC wave function to halo
nuclei induced reactions. Finally, I conclude with a summary
and discuss future research directions in Sec. IV.

II. THEORETICAL FRAMEWORK

The process under study involves a projectile labeled as a,
which consists of a two-body structure denoted as a = b + x.
This projectile collides with a target nucleus represented by
A, resulting in the emission of a fragment identified as b. In
the process, the particle b acts as a spectator and x is the
participant. The process can be graphically represented as
a(=b+x)+A — b+ B*, where B* denotes any potential
state of the x + A system. The process involves both elastic
scattering and nonelastic reactions between x and A. The
former is referred to as elastic breakup (EBU), while the
latter is denoted by NEB. The NEB processes include inelastic
scattering of x 4+ A, exchange of nucleons between x and A,
fusion, and transfer to the bound state of B.

In the three-body model proposed by IAV [16], the cross
section for the NEB inclusive process, is given by the follow-
ing closed-form formula:

i — e Kp) | Im[Ua ]| (k 1
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where p,(E}) is the density of states of particle b, v, is the
velocity of the incoming particle, and ¢, (Kp, ry4) is a relative

wave function describing the motion between x and A when
particle b is scattered with momentum k,. The wave function
@ (Kp, 1)) is obtained from the equation

oe(kp, 1) = / Gy, U1, (k) VIV Dar,,  (2)

where G, is the Green’s function with optical potential U,4,
X;_)*(kb, rp) is the distorted wave describing the relative
motion between b and the B* compound system (obtained
with some optical potential Uyz), and W3+ is the three-body
scattering wave function. The post-form transition operator is
given by V = V), + Upa — Upp, where V), is the potential that
binds the projectile, and Uy, is the optical potential describing
the relative scattering between b and A. In the asymptotic
limit, the wave function ¢, (K, r,) takes the form
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where the scattering amplitude f(ky, 7) can be used to com-
pute EBU as discussed in Ref. [19].

In the three-body model, the three-body wave function
W3k can be approximated as the distorted wave Born
approximation (DWBA) wave function WPWVBAH — » ()¢
where x ™ characterizes the elastic scattering of a + A and
¢, represents the bound state of the projectile. Although the
original TAV model was proposed in the DWBA form [16],
Austern et al. [15] extended the model by expanding the
CDCC function in relation to b + x states, including contin-
uum components,

WP 1y, 1) = Y~ P () xS (xa)

1

N
+ ) ks v X P (K Ta), (4

where i denotes the bound ground and excited states, and 7 is
a discrete index labeling the discretized continuum states.

In conclusion, the three-body model proposed by IAV pro-
vides a framework to study the inclusive process involving
the projectile a, target nucleus A, and emitted fragment b. The
NEB cross section for this process can be calculated using the
closed-form formula, and the three-body wave function can
be approximated using the DWBA or expanded CDCC wave
functions.

In this study, I will use three different types of W3*(+) as
outlined in Eq. (2). These include:

(1) The full IAV-CDCC wave function, which incorporates
both the ground state and continuum couplings of ''Be, de-
noted as WEPCCH) and described in Eq. (4).

(2) The CDCC solution focusing solely on the ground
state component, \IlgCSDCCH) = ¢9(rp ) x 2 (r,), representing
the ground state component of W PCCH) | denoted as IAV-
CDCC(g.s.).

(3) The single-channel (SC) solution, which considers only
the ground state of the projectile without any continuum cou-
pling. This is given by the solution of

(Ean = Tun) (82 9°Y) = (05| Una + Usa|0) (0| W5),
®
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where E 4 represents the relative energy between a and A, and
T4 is the kinetic energy operator for this pair system.

III. APPLICATION TO THE "Be INDUCED REACTION

In this study, the breakup reaction of !'Be +%Zn at an
incident energy of 28.7 MeV in the laboratory frame is in-
vestigated. This reaction has been previously analyzed in
several works [20-23], which have highlighted two significant
findings: the strong impact of continuum couplings on elas-
tic scattering, and the observation of a substantial inclusive
breakup cross section where '“Be acts as a spectator and is
detected experimentally. These studies integrated the EBU
results from CDCC calculations and the NEB results using
the DWBA version of the IAV model, showing commendable
agreement with experimental data [20].

However, the DWBA version of the IAV model does not
fully consider the continuum effects of the halo nucleus ''Be.
The continuum states of ''Be are strongly coupled to its
ground state and significantly influence the elastic scattering
process. To gain a deeper understanding of the role of con-
tinuum states in nuclear reactions involving halo nuclei, a
detailed comparison of the NEB differential cross sections as
determined by the IAV model is presented. This comparison
incorporates various formulations for the three-body scatter-
ing wave function W3**) as discussed in the previous section.

The interaction potentials for 'Be +%Zn and n + %Zn
were adopted from Refs. [S] and [24], respectively. For the
internal structure of ''Be, the single-particle neutron-core po-
tential detailed in Ref. [25] was employed. For the CDCC
calculations, neutron-'Be states up to partial waves £ = 0-3
are included, covering excitation energies up to 10 MeV. This
range is sufficient for the current analysis, as extending the
partial waves beyond this scope is necessary only for EBU cal-
culations, which are not the focus of this study. For simplicity,
any intrinsic spins of the involved particles were neglected in
these calculations.

Figure 1(a) presents the integrated NEB cross section as
a function of the angular momentum between the projec-
tile and target. The graphical representation includes solid,
dashed, and dotted lines, which represent the results from
IAV-CDCC, TAV-CDCC focusing solely on the ground state
[IAV-CDCC(g.s.)], and the single-channel (SC) calculation
considering only the ground state of the projectile, respec-
tively. Notably, the results from all three calculations exhibit
remarkably similar shapes and magnitudes, indicating a con-
sistent interpretation across different modeling approaches.
For interactions involving lower partial waves (I, < 10), the
NEB cross section is significant when the neutron (n) is
the spectator (i.e., '°Be is the participant). In contrast, when
10Be is the spectator (i.e., when the neutron is the participant),
the NEB cross section is nearly zero.

Conversely, Fig. 1(b) illustrates the calculated cross-
section partial wave distribution as a function of the relative
angular momentum between the participant and %*Zn. The
overall similarity in the shape of the curves across the three
methodologies reinforces the notion that the NEB processes
primarily occur directly from the projectile’s ground state,
indicating that the continuum components have a limited

50 T T T T T T T T T
40;(3) A 64Zn(ﬂBe,nX) ;
L A ]
sa0f [ P =
E ]
o 20 -
I ¥zn('"Be,"’BeX) 1
10H -
O | L L . ]
0 20 40 60 80 100
la
400 T T T T T T T
L (b) J
300+ — CDCC(full)|
= | -- CDCC(gs) | |
64, A1 10 ..
QE’ 200 Zn(' 'Be, BeX) SC |
X | |
100F -
L 64Zn(”Be,nX) |
0 | s 1 |
0 10 20 30 40
Ix

FIG. 1. NEB contribution for the reaction *Zn(''Be, 1°Be X),
in which !°Be acted as a spectator, and *Zn(!!Be, nX), in which
n plays as a spectator, at an incident energy of 28.7 MeV in the
laboratory frame: (a) Cross section partial wave distribution as a
function of the relative angular momentum between !'Be and %Zn.
(b) Cross section partial wave distribution as a function of the relative
angular momentum between the participant and ®Zn. See text for
more details.

influence in this specific reaction scenario. Additionally, when
0Be acts as a participant, it exhibits a broader angular mo-
mentum distribution compared to when rn is the participant.
This suggests that the interaction range between '°Be and the
target is significantly longer than that between n and the target.

To examine the impact of differences between the ground
state components and continuum state components of the
CDCC wave functions on their respective NEB cross sections,
Figs. 2(a) and 2(b) depict a comparison of the squared mod-
ulus of the radial part of the relative wave function between
n and the target. This is computed using the IAV model
[Eq. (2)] for the corresponding relative angular momenta
£ =0 and £ = 2, respectively. The thick solid lines represent
the results obtained from the entire CDCC wave functions,
while the dashed lines represent the results focusing on the
ground state components. The thin solid lines represent the re-
sults derived by considering only the continuum components
of the CDCC wave function. The dash-dotted lines represent
the results from single-channel calculations that consider only
the ground state of the projectile. It is observed that the
full CDCC wave function yields results identical to those
of the ground state component of the CDCC wave function.
This indicates that, for computing the NEB cross sections in
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FIG. 2. Modulus squared of the radial part of the wave function
between 1 and **Zn in the IAV model for different partial waves: (a)
£ = 0 and (b) £ = 2. See text for more details.

this case, the contributions from the continuum components
are negligible. Consequently, this validates the use of a
simple optical potential within the DWBA framework to com-
pute the same elastic scattering observables as those obtained
from the more elaborate CDCC -calculations. Essentially,
the DWBA approach is equivalent to using the ground-state
component of the CDCC wave function, since an auxiliary
potential can generate a scattering wave function equivalent
to the ground-state part of the full CDCC solution. It is noted
that the continuum effects play a different role in the model
proposed by Rangel et al. [26], the differences between the
two models are discussed in the Appendix.

To explore the potential use of halo nuclei in synthesizing
heavy isotopes and to discuss the effects of the projectile’s
binding energy, I present the NEB differential cross section as
a function of the relative energy between '°Be and ®Zn in a
reaction where '°Be is a participant. This is shown in Fig. 3.
To investigate the continuum effects and their variation with
binding energy, I use a toy model by manually adjusting the
relative binding energy between '°Be and n inside !'Be from
the actual value of E;, = 0.504 MeV to E, = 2.504 MeV. The
solid and dashed lines represent results using the full CDCC
wave function (CDCC) and only the ground state part of the
CDCC wave function [CDCC(g.s.)], respectively. First, the
difference between CDCC and CDCC(g.s.) is insensitive to
changes in binding energy, indicating that the continuum state
is not significantly affected by variations in binding energy
in the present case. Second, the cross section energy distribu-
tion shows a bell-shaped curve, with a noticeable difference
between CDCC and CDCC(g.s.) only around the peak.

E("°Be+>zn) (MeV)

FIG. 3. Toy model comparison of the NEB cross section partial
wave distribution as a function of the relative momentum between
Be and %Zn for different binding energy of the projectile.

To further explore the effects of the THM, I compare the
direct reaction cross section of the '’Be 4 %Zn system with
the NEB cross section. In the analysis, the direct reaction
cross section is represented by a dotted line, while the NEB
cross section corresponds to the indirect method facilitated by
the THM. It is important to note that these cross sections are
measured in different units: mb for the direct method and
mb/MeV for the NEB (indirect) method. To make a mean-
ingful comparison between them, the NEB cross section must
be integrated over energy.

Below the Coulomb barrier, the direct reaction cross sec-
tion decreases exponentially because the kinetic energy is
insufficient to overcome the electrostatic repulsion between
the nuclei. In contrast, the indirect method, incorporating
Trojan horse effects, shows a significant enhancement—by
at least three orders of magnitude—in this energy region.
This substantial increase in the NEB (nuclear elastic breakup)
cross section enhances the probability of forming compound
nuclei at low excitation energies, which is crucial for nuclear
synthesis processes.

For a direct comparison, integrating the NEB cross sec-
tion over the energy range from 5 to 10 MeV yields a cross
section of 26 mb. In contrast, the direct method at an energy
of 7 MeV results in a cross section on the order of 107¢ mb.
This demonstrates a significant improvement in the reaction
cross section for this region when using the THM.

It is also important to note that the NEB cross section com-
prises contributions from several processes, one of which is
ICF, the formation of a compound nucleus via the fusion of a
participant fragment with the target. Following the approach
outlined in previous studies (e.g., Refs. [27,28]), one can
partition the imaginary part of the fragment-target potential
as

Wea = WSN + WER, (©6)

where WSN corresponds to the formation of the compound
nucleus (ICF), and WOR accounts for all other direct reaction
processes, such as target excitation, breakup of the fragment
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x, and nucleon exchange between x and A. By parametrizing
Wx(;;N (for example, using a Woods-Saxon form) and adjusting
its parameters to reproduce the binary x + A fusion cross sec-
tion. As demonstrated in Ref. [29], this treatment results in a
linear relation between the ICF and NEB cross section. There-
fore, within this simplified picture the observed enhancement
of the NEB cross section in the THM naturally implies a
corresponding enhancement of compound nucleus formation
at sub-Coulomb barrier energies.

This implies that the enhancement observed in the NEB
cross section through the THM is not only a measure of
increased nonelastic breakup probability but also indicates
an enhanced probability of compound nucleus formation at
sub-barrier energies.

Furthermore, both the magnitude and the peak value of the
NEB cross section depend on the binding energy of the pro-
jectile. Weakly bound nuclei are more susceptible to breakup,
leading to larger NEB cross sections. This suggests that uti-
lizing such weakly bound projectiles, particularly halo nuclei,
can effectively enhance fusion probabilities at sub-barrier en-
ergies. This approach opens up promising pathways for the
synthesis of new elements, including the potential use of giant
halo nuclei [30-32], to explore uncharted territories in the
periodic table through the THM.

IV. SUMMARY AND CONCLUSIONS

This study focused on the NEB reaction of ''Be on %Zn
at an incident energy of 28.7 MeV. The results highlight two
critical aspects.

First, the continuum effects on the NEB process are weak.
The close agreement between the full CDCC calculations and
those focusing solely on the ground state [IAV-CDCC(g.s.)
and SC] indicates that the direct breakup from the ground
state is the dominant process. This consistency across differ-
ent theoretical models underscores the robustness of simpler
approaches, such as the DWBA, for predicting NEB differ-
ential cross sections. Consequently, detailed continuum state
calculations may not be necessary for accurate predictions in
similar reaction systems, simplifying future modeling efforts.

Second, the study underscores the potential of the THM
with halo nuclei as a tool for synthesizing heavy and su-
perheavy isotopes. The significant enhancement of cross
sections below the Coulomb barrier, driven by the unique
structure of halo nuclei, suggests that THM could effectively
increase fusion probabilities at sub-barrier energies. This ap-
proach opens up promising pathways for the synthesis of new
elements, including the potential use of giant halo nuclei to
explore uncharted territories in the periodic table.

In conclusion, while continuum effects are minimal in the
NEB process, the strategic use of halo nuclei in THM offers
a novel and efficient method for advancing nuclear synthesis,
paving the way for the discovery of new elements.
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APPENDIX: ANALYSIS OF CDCC WAVE FUNCTIONS
AND FUSION CROSS SECTION MODELS

In their research, Rangel er al. [26] present an expression
for the total fusion (TF) cross section that accounts for both
complete and incomplete fusion processes within the frame-
work of the CDCC method. This expression, derived in earlier
studies [33,34], is given by

1 kg

Za Z <X:lx(+) |Wa,at’ \X::/(+))’

- Al
AP B, & (AD

OTF

where A is the normalization constant of the scattering wave
function, k, and E, are the wave number and incident energy
of the projectile in the center-of-mass frame, respectively.
The indices « and «’ label the bound states and discretized
continuum bins of the projectile’s internal states, and W,
represents the matrix elements of the imaginary potential con-
necting these channels.

In their model, Rangel et al. consider the off-diagonal
matrix elements within the same subspace, either among
bound states or among continuum bins, but neglect the ma-
trix elements between different subspaces, specifically those
connecting the bound and continuum states. Figure 4 illus-
trates the squared modulus of the radial part of the relative
wave function x*™) for partial waves with angular mo-
menta £ =0, £ =23, and £ =60 in panels (a), (b), and
(c), respectively. In each panel, the solid lines represent the
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FIG. 4. The CDCC wave function in the relative coordinate be-
tween the projectile and target for different partial waves. See more
details in the text.
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ground-state component of the CDCC wave function, while
the dashed lines depict the sum of the continuum compo-
nents, |>, 7 x27(r)|?, which contributes significantly to
the quantity used in Eq. (Al) to compute the fusion cross
section.

From these plots, it is evident that the continuum com-
ponents contribute mainly in the surface region of the wave
function, where the interaction between the projectile and
the target is strong. In contrast, the ground-state component
dominates in the asymptotic region at large distances, corre-
sponding to elastic scattering where the projectile remains in
its ground state. This behavior confirms that the full CDCC
wave function appropriately describes both the elastic scatter-
ing and the coupling to the continuum states.

In the model proposed by Rangel et al., the short-range
imaginary potential W, . interacts significantly with the con-
tinuum components of the CDCC wave function. Since these
continuum components are substantial in the surface region
where the imaginary potential is effective (as indicated by the
dashed lines in Fig. 4), they contribute markedly to the TF
cross section calculated using Eq. (A1).

By contrast, the IAV model approaches the calculation dif-
ferently. In the TAV model, the imaginary potential is applied
to the subsystem consisting of one of the fragments (denoted
as x) and the target A, rather than to the entire projectile-target
system a + A as in Rangel’s model. This imaginary potential,
W.4, accounts for the absorption (or loss of flux) due to re-
actions between fragment x and the target A. The IAV model
evaluates the contribution from continuum processes involved
in incomplete fusion, which is a part of the total fusion cross
section.

The use of the imaginary potential W,4 in the IAV model
effectively suppresses the contributions from the continuum
components in the region where the imaginary potential is

significant. This is due to the outgoing boundary conditions
imposed on the fragment-target subsystem. This suppression
is evident in Fig. 2, where the continuum components in the
TIAV model are less prominent compared to those in Rangel’s
model.

As a result, the IAV model predicts that the incomplete
fusion cross section is primarily influenced by the absorption
of the fragment x after the breakup, and the contribution from
the continuum components is moderated by the nature of the
imaginary potential acting only on the fragment-target sub-
system. This leads to different predictions for the incomplete
fusion cross section when compared to the total fusion cross
section computed in Rangel’s model, where the imaginary
potential acts on the entire projectile-target system and the
continuum components contribute more significantly.

This distinction emphasizes that while Rangel’s model
includes significant contributions from the continuum due
to the direct interaction of the imaginary potential with the
continuum components of the projectile-target system a + A,
the TAV model focuses specifically on the incomplete fusion
process by considering the imaginary potential on the x 4+ A
subsystem and evaluating the corresponding contributions
from continuum processes. The IAV model does not compute
the total fusion cross section directly but provides a detailed
evaluation of the incomplete fusion component arising from
breakup processes.

Understanding these differences is essential for developing
reliable theoretical models of fusion reactions, particularly
in reactions involving weakly bound nuclei where breakup
effects and incomplete fusion play a crucial role. Accurate
treatment of the imaginary potential and the continuum states,
and the way these are incorporated into the models, can sig-
nificantly influence the calculated cross sections and improve
the agreement with experimental data.
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