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I present a direct boundary matching method (DBMM) for solving nuclear scattering problems using
Lagrange-Legendre basis functions. This approach belongs to the family of bound-state techniques for the
continuum, reformulating scattering problems into a localized, square-integrable (L2) representation. The key
feature is the direct incorporation of the outgoing wave boundary condition into the last row of the matrix
equation, eliminating the need for Bloch operators and two-step matching procedures required in traditional
R-matrix methods. Unlike the complex scaling method that rotates coordinates into the complex plane, DBMM
operates entirely in real coordinate space. The formalism is extended to coupled-channel problems, where the
wave function decomposition naturally leads to an effective source potential that distinguishes between the
entrance channel and other channels. Benchmark calculations for p + 12C scattering demonstrate excellent
agreement with the Numerov integration method.
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I. INTRODUCTION

The theoretical description of quantum scattering presents
fundamental challenges that distinguish it from bound-state
calculations. While bound-state wave functions decay expo-
nentially at large distances, allowing them to be accurately
represented within finite computational domains, scattering
states exhibit oscillatory asymptotic behavior that extends
to infinity [1]. This fundamental difference has historically
necessitated specialized methods for continuum problems,
creating a dichotomy between nuclear structure and nuclear
reaction theory.

In bound-state calculations, the radial wave function ψ (r)
satisfies

ψ (r)
r→∞−−−→ e−κr, (1)

where r is the radial coordinate, κ = √
2μ|E |/h̄ character-

izes the exponential decay, μ is the reduced mass of the
two-body system, and E < 0 is the binding energy. This
localization permits accurate approximation using truncated
bases of square-integrable (L2) functions, such as harmonic
oscillator states or Gaussian expansions. Standard diagonal-
ization techniques then yield the discrete energy spectrum and
associated eigenfunctions.

Scattering states, in contrast, exist at positive energies
forming a continuous spectrum. The asymptotic wave func-
tion for a partial wave � takes the form

ψ�(r)
r→∞−−−→ F�(η, kr) + k f�H+

� (η, kr), (2)

where F� and H+
� = G� + iF� denote the regular Coulomb

function and outgoing Coulomb-Hankel function (with G�
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being the irregular Coulomb function), respectively, η is the
Sommerfeld parameter, and f� is the scattering amplitude
to be determined. The oscillatory nature of these functions
precludes straightforward L2 representation, as any truncated
basis of decaying functions cannot capture the infinite-range
oscillations.

Traditional approaches to this problem involve numeri-
cal integration of the radial Schrödinger equation followed
by asymptotic matching. For coupled-channel problems, one
must solve systems of coupled differential equations, which
becomes increasingly cumbersome as the number of channels
grows.

In response to these challenges, a class of methods known
collectively as “bound-state techniques for the continuum”
has emerged over the past decades [2,3]. The unifying phi-
losophy is to reformulate the scattering problem, inherently
defined over an infinite domain with oscillatory asymptotics,
into a form solvable within a localized, L2 basis. This ap-
proach leverages the computational machinery developed for
nuclear structure to access continuum observables.

Several distinct realizations of this philosophy have been
developed. The R-matrix method [4–6] divides configura-
tion space into internal and external regions, using a Bloch
operator to ensure matrix symmetry in the internal re-
gion; scattering amplitudes are then extracted through a
two-step matching procedure. The complex scaling method
(CSM) [7–11] rotates coordinates into the complex plane
(r → reiθ ), converting oscillatory scattering states into L2-
integrable functions. The Lorentz integral transform (LIT)
method [12,13] employs a Lorentzian kernel to reduce con-
tinuum response functions to bound-state-like calculations,
with physical observables recovered through numerical inver-
sion. The Kohn variational principle [14,15] directly yields
scattering amplitudes through a variational functional that
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incorporates correct asymptotic behavior in the trial wave
function.

In this work, I present a direct boundary matching method
(DBMM) that offers an alternative realization of the bound-
state technique philosophy. It should be emphasized that the
novelty of DBMM lies not in the individual components, as
Lagrange functions and boundary matching are well estab-
lished, but in their direct integration that bypasses the formal
machinery of Bloch operators. This results in a method where
the physical content (Schrödinger equation at interior points,
outgoing wave condition at the boundary) is transparently en-
coded in the matrix structure, facilitating both implementation
and extension to more complex problems.

The approach is characterized by two essential features:
First, I employ Lagrange-Legendre basis functions defined

on a finite interval [0, R]. Unlike Lagrange-Laguerre func-
tions, which contain an inherent exponential decay factor
suited only for bound states, Lagrange-Legendre functions
have no built-in asymptotic behavior. This neutrality allows
them to represent both decaying and oscillatory functions
within the computational domain, with the asymptotic char-
acter determined entirely by boundary conditions.

Second, the outgoing wave boundary condition is imposed
directly in the matrix equation. In R-matrix methods [5],
the Bloch operator enforces a real boundary condition to
maintain a symmetric matrix structure, and scattering am-
plitudes are extracted in a separate step by matching the
R-matrix to asymptotic Coulomb functions. DBMM bypasses
this two-step procedure by incorporating the complex loga-
rithmic derivative ψ ′(R)/ψ (R) = γs directly in the last row of
the matrix, where γs = kH+′

� /H+
� evaluated at the boundary.

This renders the matrix equation complex but yields scattering
amplitudes in a single solve.

The relationship between DBMM and other bound-state
techniques merits clarification. Unlike CSM, which trans-
forms the asymptotic boundary condition through coordinate
rotation, DBMM operates entirely in real coordinate space and
requires explicit boundary matching at r = R. Like traditional
R-matrix approaches, DBMM employs a finite computational
domain with boundary matching, but eliminates the Bloch
operator formalism.

The resulting method offers several practical advantages:
(i) conceptual transparency, with each row of the matrix equa-
tion corresponding to a clear physical statement (Schrödinger
equation at interior points, boundary condition at the surface);
(ii) implementation simplicity, requiring only standard linear
algebra; (iii) natural extension to coupled channels without
additional formal machinery; and (iv) pedagogical clarity that
makes the method accessible for teaching nuclear reaction
theory. While the computational cost is comparable to existing
methods, scaling as O(N3) for the matrix solve, the primary
advantage lies in the directness of the formulation rather than
numerical efficiency.

The remainder of this paper is organized as follows.
Section II develops the theoretical framework, presenting
the scattering equations, Lagrange-Legendre basis functions,
and the construction of the matrix equation with direct
boundary matching. Section III extends the formalism to
coupled-channel problems. Section IV presents benchmark

calculations validating the method against established ap-
proaches. Section V concludes this work.

II. THEORETICAL FRAMEWORK

I consider two-body single-channel scattering described
by the radial Schrödinger equation with an optical potential.
The method presented here employs Lagrange-Legendre basis
functions on a finite interval, with the outgoing wave bound-
ary condition incorporated directly into the matrix equation.

A. Scattering equation

For a given partial wave with orbital angular momentum �,
the radial Schrödinger equation reads[

− d2

dr2
+ �(� + 1)

r2
+ U (r) − k2

]
ψ�(r) = 0, (3)

where U (r) = 2μV (r)/h̄2 is the reduced potential, μ is
the reduced mass, and k = √

2μE/h̄ is the wave number
at center-of-mass energy E . For charged-particle scattering,
U (r) includes both the nuclear optical potential and the
Coulomb interaction, with the latter separated into long-range
and short-range components

UC (r) = U L
C (r) + U S

C (r), (4)

where the long-range part is the point Coulomb interaction

U L
C (r) = 2μ

h̄2

Z1Z2e2

r
, (5)

and the short-range part U S
C (r) accounts for the finite-size

correction when treating nuclei as uniformly charged spheres.
The total short-range potential is then

Usr(r) = UN (r) + U S
C (r), (6)

where UN (r) is the nuclear optical potential. The regular
Coulomb function F�(η, kr) satisfies[

− d2

dr2
+ �(� + 1)

r2
+ U L

C (r) − k2

]
F�(η, kr) = 0. (7)

I decompose the total wave function into an incident wave
and a scattered wave:

ψ�(r) = eiσ�
[
F�(η, kr) + ψ sc

� (r)
]
, (8)

where σ� is the Coulomb phase shift and η = Z1Z2e2μ/(h̄2k)
is the Sommerfeld parameter. Substituting into Eq. (3) and
using Eq. (7), the scattered wave satisfies[

− d2

dr2
+ �(� + 1)

r2
+ U (r)− k2

]
ψ sc

� (r) = −Usr(r)F�(η, kr).

(9)
The boundary conditions are:

(1) At the origin: ψ sc
� (0) = 0 (regularity).

(2) At r = R: outgoing wave behavior, ψ sc
� (r) ∝

H+
� (η, kr).
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The outgoing wave condition at the boundary R can be
expressed as

dψ sc
�

dr

∣∣∣∣
r=R

= γs ψ sc
� (R), (10)

where the logarithmic derivative of the outgoing wave is

γs = k
H+′

� (η, kR)

H+
� (η, kR)

(11)

with H+
� = G� + iF� being the outgoing Coulomb-Hankel

function. Note that γs is complex.

B. Lagrange-Legendre basis functions

I employ Lagrange functions based on shifted Legendre
polynomials, defined on the interval [0, R]. The mesh points
{r j}N

j=1 are obtained from the zeros of the shifted Legendre
polynomial

PN (2x j − 1) = 0, r j = R · x j, (12)

where x j ∈ (0, 1). The associated Gauss-Legendre weights
are

λ j = 1

4x j (1 − x j )[P′
N (2x j − 1)]2

. (13)

The x-regularized Lagrange functions, which vanish at the
origin, are defined as [16]

f̂ j (x) = (−1)N− j

√
1 − x j

x j

x PN (2x − 1)

x − x j
, (14)

where x = r/R. These functions satisfy the Lagrange condi-
tion at mesh points

f̂ j (xi ) = δi j√
λ j

. (15)

The wave function is expanded as

ψ sc
� (r) = R−1/2

N∑
j=1

c j f̂ j (x), (16)

where the expansion coefficients are related to function
values by

c j =
√

R ψ sc
� (r j )

√
λ j . (17)

A key advantage of Lagrange-Legendre functions over
Lagrange-Laguerre functions is their polynomial nature.
Laguerre-based functions contain an inherent exponential de-
cay factor, making them suitable for bound states or scattering
calculations within the complex scaling method where wave
functions decay asymptotically. Legendre-based functions im-
pose no asymptotic behavior, allowing the boundary condition
to fully determine whether the solution represents a bound or
scattering state.

C. Baye’s derivative matrices

The differential operators are represented by exact analyt-
ical matrices derived by Baye [16]. For the kinetic energy

operator T = −d2/dr2, the matrix elements in the coefficient
representation are

Ti j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(−1)i− j xi + x j − 2x2
i

R2x j (x j − xi )2

√
x j (1 − x j )

xi(1 − xi )3
, i �= j,

N (N + 1)xi(1 − xi ) − 3xi + 1

3R2x2
i (1 − xi )2

, i = j.

(18)

These matrices act on the expansion coefficients {c j}, not
directly on function values. This distinction is crucial: the
Gauss quadrature properties of the Lagrange mesh ensure that
these analytical formulas provide spectral accuracy for the
differential operators.

D. Matrix equation with direct boundary matching

The discretized Schrödinger equation at interior mesh
points (i = 1, 2, . . . , N − 1) reads

N∑
j=1

Mi j c j = bi, (19)

where the matrix elements are

Mi j = Ti j +
[
�(� + 1)

r2
i

+ U (ri) − k2

]
δi j (20)

and the source term is

bi = −Usr(ri ) F�(η, kri )
√

Rλi. (21)

The key innovation of DBMM is the treatment of the
boundary condition. Instead of using a Bloch operator or a
separate matching step, I directly impose the outgoing wave
condition (10) in the last row of the matrix equation. Defining

Bj = d f̂ j

dx

∣∣∣∣
x=1

− Rγs f̂ j (1), (22)

the boundary condition at i = N becomes

N∑
j=1

c jB j = 0. (23)

Using PN (1) = 1 and P′
N (1) = N (N + 1)/2, the basis func-

tions at the boundary x = 1 have the analytical forms

f̂ j (1) = (−1)N− j√
x j (1 − x j )

, (24)

d f̂ j

dx

∣∣∣∣
x=1

= (−1)N− j√
x j (1 − x j )

[
N (N + 1) − x j

1 − x j

]
. (25)

The complete N × N matrix equation takes the form⎛
⎜⎜⎝

M11 · · · M1N
...

. . .
...

MN−1,1 · · · MN−1,N

B1 · · · BN

⎞
⎟⎟⎠

⎛
⎜⎜⎝

c1
...

cN−1

cN

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

b1
...

bN−1

0

⎞
⎟⎟⎠, (26)

where the first N − 1 rows correspond to the Schrödinger
equation at interior mesh points, and the last row encodes the
boundary condition (22). The matrix is complex (due to γs)
and nonsymmetric.
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E. Extraction of scattering observables

After solving the linear system (26) for the coefficients
{c j}, the scattered wave function at the boundary is

ψ sc
� (R) = R−1/2

N∑
j=1

c j f̂ j (1). (27)

The scattering amplitude is then

f� = ψ sc
� (R)

k H+
� (η, kR)

(28)

and the S-matrix element is

S� = 1 + 2ik f�. (29)

The phase shift δ� (complex for absorptive potentials) follows
from S� = e2iδ� , and the partial-wave reaction cross section is

σ� = π

k2
(2� + 1)(1 − |S�|2). (30)

III. COUPLED-CHANNEL EXTENSION

The DBMM formalism extends naturally to coupled-
channel problems, where multiple reaction channels are
simultaneously active. The matrix structure of the method
accommodates channel coupling without requiring additional
formal machinery such as generalized Bloch operators.

For nc coupled channels labeled by α = 1, 2, . . . , nc with
incident channel β0, the wave function is decomposed as

ψαβ0 (r) = eiσ�β0
[
δαβ0 F�β0

(ηβ0 , kβ0 r) + ψ sc
αβ0

(r)
]
, (31)

where σ�β0
is the Coulomb phase shift of the entrance chan-

nel and the incident wave F�β0
appears only in the entrance

channel. Substituting into the coupled-channel Schrödinger
equation yields the inhomogeneous equation for the scattered
wave[

− d2

dr2
+ �α (�α + 1)

r2
+ Uαα (r) − k2

α

]
ψ sc

αβ0
(r)

+
∑
β �=α

Uαβ (r)ψ sc
ββ0

(r) = −U (eff)
αβ0

(r)F�β0
(ηβ0 , kβ0 r), (32)

where �α , kα , and ηα are the orbital angular momentum, wave
number, and Sommerfeld parameter for channel α, respec-
tively. The effective source potential is

U (eff)
αβ0

(r) =
{

U sr
β0β0

(r), α = β0,

Uαβ0 (r), α �= β0.
(33)

For the entrance channel (α = β0), only the short-range part
of the diagonal potential contributes because the Coulomb
interaction is already accounted for in the regular Coulomb
function F�β0

. For other channels, the full coupling potential
Uαβ0 (including any Coulomb multipole couplings) drives the
transition.

Each scattered wave satisfies the outgoing boundary con-
dition at r = R:

dψ sc
αβ0

dr

∣∣∣∣
r=R

= γs,α ψ sc
αβ0

(R) (34)

with the channel-dependent logarithmic derivative

γs,α = kα

H+′
�α

(ηα, kαR)

H+
�α

(ηα, kαR)
. (35)

Each scattered wave is expanded in the Lagrange-Legendre
basis

ψ sc
αβ0

(r) = R−1/2
N∑

j=1

c(αβ0 )
j f̂ j (x). (36)

The coupled-channel problem leads to a block matrix equa-
tion of dimension ncN × ncN :⎛

⎜⎝M (11) · · · M (1nc )

...
. . .

...

M (nc1) · · · M (ncnc )

⎞
⎟⎠

⎛
⎜⎝ c(1β0 )

...

c(ncβ0 )

⎞
⎟⎠ =

⎛
⎜⎝b(1)

...

b(nc )

⎞
⎟⎠, (37)

where c(αβ0 ) = (c(αβ0 )
1 , . . . , c(αβ0 )

N )T .
The diagonal block M (αα) has the same structure as the

single-channel case. For interior rows (i = 1, . . . , N − 1),

M (αα)
i j = Ti j +

[
�α (�α + 1)

r2
i

+ Uαα (ri ) − k2
α

]
δi j . (38)

The last row encodes the channel-specific boundary condition

M (αα)
N j = d f̂ j

dx

∣∣∣∣
x=1

− Rγs,α f̂ j (1). (39)

The source vector for channel α depends on the incident
channel β0:

b(α)
i =

{
−U (eff)

αβ0
(ri)F�β0

(ηβ0 , kβ0 ri )
√

Rλi, i < N,

0, i = N.
(40)

The off-diagonal blocks M (αβ ) (α �= β) contain the cou-
pling potentials at interior points with the last row set to zero:

M (αβ )
i j =

{
Uαβ (ri)δi j, i < N,

0, i = N.
(41)

After solving the block system (37) for a given incident
channel β0, the S-matrix elements Sαβ0 are obtained from the
scattered wave at the boundary

ψ sc
αβ0

(R) = R−1/2
N∑

j=1

c(αβ0 )
j f̂ j (1), (42)

fαβ0 = ψ sc
αβ0

(R)

kαH+
�α

(ηα, kαR)
, Sαβ0 = δαβ0 + 2i

√
kα

kβ0

kα fαβ0 .

(43)

The velocity factor
√

kα/kβ0 ensures proper normalization of
the S-matrix for channels with different wave numbers, arising
from the flux conservation requirement. For elastic scattering
(α = β0), this factor reduces to unity. The full S-matrix is con-
structed by repeating the calculation for each incident channel
β0 = 1, 2, . . . , nc.

IV. RESULTS

To validate the DBMM approach, I present benchmark cal-
culations for proton scattering on 12C at Elab = 30 MeV. The
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calculations employ the Koning-Delaroche global optical po-
tential [17], which provides a well-tested parametrization for
nucleon-nucleus scattering. Results are compared against the
established Numerov integration method [18], which serves
as a reference for numerical accuracy.

The Koning-Delaroche potential includes real and imagi-
nary volume terms, an imaginary surface term, and spin-orbit
coupling. To simplify the calculation, I ignore the particle
spin, which does not affect the conclusions. The potential
parameters at Elab = 30 MeV are: real volume depth V =
45.44 MeV with rv = 1.127 fm and av = 0.676 fm; imaginary
volume depth W = 3.08 MeV with the same geometry; and
imaginary surface depth Wd = 6.37 MeV with rd = 1.306 fm
and ad = 0.525 fm. The Coulomb radius parameter is
rc = 1.538 fm.

The DBMM calculations use N = 52 Lagrange-Legendre
mesh points on the interval [0, R] with R = 15 fm, which
achieves S-matrix accuracy better than 10−4 according to
the convergence study below. The Numerov reference cal-
culations employ a step size of h = 0.02 fm with matching
performed at the same boundary radius. The calculations are
performed using SLAM.jl [19], an open-source Julia package
developed by the author.

Figure 1 compares the S-matrix elements computed by
DBMM (squares) and the Numerov method (circles) for
partial waves � = 0 to 10. Panel (a) shows the modulus
|S�|, which quantifies the absorption strength: |S�| = 1 cor-
responds to pure elastic scattering, while |S�| < 1 indicates
flux loss to inelastic channels. Low partial waves (� � 3)
exhibit significant absorption with |S�| ≈ 0.3 − 0.5, reflecting
their penetration into the nuclear interior where the imagi-
nary potential is strongest. Higher partial waves progressively
approach unity as the centrifugal barrier prevents nuclear
overlap.

Panel (b) displays the phase arg(S�), which encodes the
nuclear phase shift information beyond pure Coulomb scatter-
ing. The phase varies rapidly for low partial waves, changing
from −104◦ at � = 0 through −147◦ at � = 1 to +169◦ at
� = 2, indicating strong nuclear interaction effects. For � � 6,
the phase approaches zero as these partial waves experience
predominantly Coulomb scattering.

The agreement between DBMM and Numerov is excel-
lent across all partial waves, with the two sets of symbols
overlapping completely. Quantitatively, the differences in |S�|
are below 2.5 × 10−5, and the phase differences are less than
0.01◦. This level of agreement demonstrates that the direct
boundary matching approach achieves the same accuracy as
traditional integration methods.

The S-matrix trajectory in the complex plane provides
additional physical insight. Figure 2 shows the Argand dia-
gram, where each point represents an S-matrix element S� =
Re(S�) + i Im(S�). The dashed circle indicates the unitarity
limit |S| = 1, which would be satisfied in the absence of
absorption.

The trajectory begins at � = 0 in the lower half-plane with
|S0| ≈ 0.50, well inside the unit circle due to strong absorp-
tion. As � increases, the trajectory spirals counterclockwise,
crossing into the upper half-plane at � = 2 and approaching
the unit circle for high partial waves. By � = 10, the S-matrix

FIG. 1. S-matrix elements for p + 12C scattering at Elab =
30 MeV. (a) Modulus |S�| and (b) phase arg(S�) as functions of orbital
angular momentum �. Circles: Numerov method; squares: DBMM.
The two methods show excellent agreement for all partial waves.

element lies essentially on the unit circle, indicating negligible
absorption.

This behavior reflects the classical interpretation of partial
waves: low-� waves correspond to impact parameters smaller
than the nuclear radius and experience strong absorption,
while high-� waves pass outside the nuclear potential and
scatter primarily via the long-range Coulomb interaction.

Figure 3 compares the radial wave functions computed by
DBMM (circles) and the Numerov method (solid lines) for
representative partial waves � = 0 and 5. Panels (a) and (b)
show the real and imaginary parts of the � = 0 wave function,
respectively, while panels (c) and (d) display the correspond-
ing results for � = 5.

For � = 0 [panels (a) and (b)], the wave function penetrates
to small radii and exhibits oscillatory behavior throughout the
interaction region. The real and imaginary parts have compa-
rable magnitudes, reflecting the complex phase accumulated
from the absorptive potential. For � = 5 [panels (c) and (d)],
the wave function shows strong centrifugal suppression, with
negligible amplitude inside r = 4 fm.

In all cases, the DBMM mesh points fall precisely on
the Numerov curves, confirming that the Lagrange-Legendre
expansion accurately captures the wave function throughout
the computational domain. This agreement extends from the
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FIG. 2. Argand diagram showing the S-matrix trajectory in the
complex plane for p + 12C at Elab = 30 MeV. Numbers indicate
the orbital angular momentum �. The dashed gray circle represents
the unitarity limit |S| = 1. Low partial waves lie inside the unit
circle (absorption), while high partial waves approach unity (elastic
scattering).

nuclear interior, where the potential is strongest, to the asymp-
totic region where the outgoing wave boundary condition is
imposed.

It is instructive to compare the computational character-
istics of DBMM with other methods. Traditional Numerov
integration scales as O(N ), where N is the number of integra-

FIG. 3. Radial wave functions for p + 12C at Elab = 30 MeV.
(a) Real part and (b) imaginary part for � = 0; (c) real part and
(d) imaginary part for � = 5. Solid lines: Numerov method; circles:
DBMM evaluated at Lagrange mesh points. The excellent agreement
validates the Lagrange-Legendre expansion across all partial waves.

TABLE I. Minimum number of Lagrange-Legendre mesh points
Nmin required to achieve different phase shift accuracies for p + 12C
scattering at Elab = 30 MeV, as a function of boundary radius R.

R (fm) |�δ| < 1◦ |�δ| < 0.1◦ |�δ| < 0.01◦

10 24 32 40
12 26 32 40
15 30 36 52
20 36 48 64
25 40 58 84
30 48 62 80

tion steps. For instance, at R = 10 fm, Numerov with step size
h = 0.1 fm requires N ∼ 100 steps with O(N ) complexity,
while DBMM requires N ∼ 32 mesh points but with O(N3)
complexity for the matrix solve. In fact, for single-channel
problems, Numerov is faster than all matrix-based methods in-
cluding both R-matrix and DBMM. The value of matrix-based
methods lies elsewhere: in the natural extension to coupled
channels, in the direct access to wave function coefficients
for emulator construction, and in compatibility with other
theoretical frameworks.

Both DBMM and R-matrix employ the same Lagrange-
Legendre mesh and require solving a linear system of
dimension N × N (or ncN × ncN for coupled channels), lead-
ing to O(N3) scaling for the matrix inversion. For R-matrix
calculations, the propagation technique [20] can be employed
to efficiently extend the solution to larger radii if needed,
which is not directly applicable to DBMM.

To quantify the convergence behavior for the present p +
12C system, Table I shows the minimum number of mesh
points Nmin required to achieve different phase shift accuracies
for various boundary radii R. Here, �δ denotes the maximum
phase shift difference over � = 0 − 10 with respect to a refer-
ence solution computed using Numerov integration with step
size h = 0.02 fm.

In the present p + 12C test, DBMM requires the Nmin

values reported in Table I. Compared with the generally
faster convergence often observed for the Bloch-operator
(variational) R-matrix formulation, I estimate that DBMM
may require α ∼ 1.5–2 times more mesh points to reach the
same phase-shift accuracy. A plausible explanation is that the
Bloch-operator formulation of R-matrix is closely connected
to variational principles, for which scattering observables of-
ten converge faster than the wave function itself, whereas
DBMM enforces the outgoing boundary condition directly,
leading to a complex nonsymmetric system without such
variational protection. Since both methods are dominated by
solving a dense linear system, the runtime scales as T ∝
N3 (LU factorization). If DBMM requires NDBMM = αNRm

mesh points to reach the same accuracy, the expected runtime
ratio is

TDBMM

TRm
≈ α3. (44)

For α � 1.5–2, this gives TDBMM/TRm ≈ 3–8, depending on
the specific problem. Absolute wall-clock times depend on
hardware and implementation details.
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Therefore, DBMM is not expected to outperform the R-
matrix method in raw computational speed for individual
calculations, particularly when the propagation technique is
employed. Nevertheless, DBMM offers two significant advan-
tages that make it valuable in specific contexts:

First, DBMM provides the scattered wave function di-
rectly as part of the solution. In contrast, R-matrix methods
yield the R-matrix at the boundary, requiring an addi-
tional matching step to extract the S-matrix; if the interior
wave function over the full radial interval is needed, addi-
tional reconstruction steps may be required depending on
the specific R-matrix implementation. This direct access to
wave functions is critical for reduced-basis emulator applica-
tions [21]. In the reduced-basis approach, the solution vector
contains wave function coefficients for all coupled chan-
nels at all mesh points, capturing the correlated behavior
across channels simultaneously. This enables construction of
a single unified reduced basis across all channels via sin-
gular value decomposition, avoiding the unfavorable O(n4

c )
scaling of channel-wise approaches [22]. The resulting emu-
lator achieves speedups of 103–104 for continuum-discretized
coupled-channels (CDCC) [23] calculations involving tens of
coupled channels, with the reduced basis dimension (nb ∼
5–50) governed by the smoothness of parameter dependence
rather than the channel count. This massive acceleration,
which I have already implemented and validated in Ref. [21],
far outweighs the per-calculation overhead discussed above,
making DBMM well suited for emulator construction.

Second, DBMM can serve as an alternative boundary-
matching scheme within the complex scaling framework for
few-body scattering [8,24–26]. The complex scaling method,
which rotates coordinates as r → reiθ to convert oscilla-
tory scattering states into exponentially decaying functions,
is powerful for treating few-body scattering with complex
boundary conditions in Faddeev-type equations. However, at
low energies, the small wave number k requires large rota-
tion angles θ to ensure adequate damping [the wave function
decays as exp(−k sin θ · r)], which can introduce numerical
difficulties in potential evaluation. By providing an alter-
native real-coordinate approach that can be interfaced with
complex-scaled interior solutions, DBMM offers a pathway
to extend few-body scattering calculations to lower energies
while maintaining the same code infrastructure.

V. CONCLUSION

I have presented a direct boundary matching method
(DBMM) for solving nuclear scattering problems using
Lagrange-Legendre basis functions. The method belongs to
the family of bound-state techniques for the continuum, re-
formulating scattering problems into a form solvable within a
localized L2 basis.

The key feature of DBMM is the direct incorporation
of the outgoing wave boundary condition into the last row
of the matrix equation. This approach eliminates the need
for Bloch operators and two-step matching procedures re-
quired in traditional R-matrix methods. Unlike the complex
scaling method, which rotates coordinates into the complex
plane to convert oscillatory scattering states into L2-integrable
functions, DBMM operates entirely in real coordinate space
and yields scattering amplitudes through explicit boundary
matching. The resulting matrix equation, though complex and
non-symmetric, can be solved with standard linear algebra
routines.

The formalism has been extended to coupled-channel prob-
lems. The wave function decomposition ψαβ0 = δαβ0 F�β0

+
ψ sc

αβ0
naturally leads to an effective source potential that distin-

guishes between the entrance channel (short-range potential
only) and other channels (full coupling potential including
Coulomb multipoles). The block matrix structure accommo-
dates channel coupling without additional formal machinery.

Benchmark calculations for p + 12C scattering at Elab =
30 MeV demonstrate excellent agreement with the established
Numerov integration method. The S-matrix elements agree to
better than 2.5 × 10−5 in modulus and 0.01◦ in phase across
all partial waves. The wave functions computed by DBMM
match the Numerov solutions throughout the computational
domain, from the nuclear interior to the asymptotic region.

The method offers several practical advantages: conceptual
transparency, where each row of the matrix equation cor-
responds to a clear physical statement; implementation
simplicity, requiring only standard linear algebra; and natural
extension to coupled channels. While the computational cost
scales as O(N3) for the matrix inversion, comparable to other
methods, the primary contribution is methodological simplifi-
cation rather than numerical efficiency. The directness of the
formulation, encoding the Schrödinger equation and boundary
conditions in a single matrix equation, provides both peda-
gogical value and practical convenience for implementation.
The open-source implementation in SLAM.jl [19] provides a
readily available tool for nuclear reaction calculations.

Future directions include combining the method with
microscopic structure calculations to provide a unified de-
scription of nuclear structure and reactions.
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