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Physics-informed neural networks (PINNs) have emerged as a powerful tool for solving differential equations,
yet their application to nuclear scattering has been hindered by the oscillatory, nondecaying nature of scattering
wave functions. In this work, I demonstrate that exterior complex scaling (ECS) transforms scattering boundary
conditions into exponentially decaying waves suitable for neural network solutions, enabling PINNs to solve
nuclear reaction problems for the first time. I develop a driven-equation formulation where the source term is
confined to the real axis, avoiding the need to analytically continue nuclear potentials into the complex plane. The
method is validated on nucleon-nucleus scattering (n + “°Ca at Ej,, = 20 MeV) with 21 partial waves, achieving
phase shift accuracy of A§ < 0.1° for the strongly absorbed channels (¢ < 4) and A§ < 0.60° for all channels up
to £ = 10, when compared with conventional solvers. I further demonstrate the approach on heavy-ion scattering
(°Li+2%8Pb at 40 MeV) with 41 partial waves and strong Coulomb effects, where an auto-adaptive anchor
warm-down for weak-source channels yields a mean S-matrix accuracy of |A|Sy|| &~ 3 x 1073 across the full
angular momentum range, including the absorption-to-transparency transition region. This work establishes the
foundation for extending PINNS to inverse problems where end-to-end differentiability enables direct fitting of
optical potential parameters, coupled-channel reactions, and few-body scattering, where traditional grid methods

face exponential scaling.
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I. INTRODUCTION

Nuclear scattering experiments provide fundamental in-
formation about nuclear structure and reaction mechanisms
that underpin current understanding of atomic nuclei. When
a beam of particles strikes a target nucleus, the angular
distribution of scattered particles encodes information about
the nuclear potential through which the projectile propa-
gates. This potential, known as the optical model potential,
contains both real components describing elastic scattering
and imaginary components accounting for absorption into
nonelastic channels such as compound nucleus formation,
direct reactions, and particle emission. Extracting nuclear
structure information from scattering data requires solving the
quantum-mechanical scattering problem, typically formulated
as a partial-wave decomposition of the Schrodinger equa-
tion with appropriate boundary conditions at infinity [1,2].

The computational challenge of nuclear scattering lies not
in the differential equation itself, which is a straightforward
second-order ordinary differential equation, but rather in the
boundary conditions. Unlike bound-state problems where the
wave function decays exponentially at large distances, scat-
tering wave functions remain oscillatory at all radii, behaving
asymptotically as linear combinations of incoming and out-
going spherical waves. Traditional numerical methods must
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propagate solutions to sufficiently large radii where the nu-
clear potential vanishes, then match to known asymptotic
forms to extract phase shifts and S-matrix elements. For sys-
tems with long-range Coulomb interactions, this matching
becomes particularly delicate because the Coulomb potential
extends to infinity and modifies the asymptotic behavior in
nontrivial ways involving logarithmic phase corrections.

Physics-informed neural networks (PINNs) have recently
emerged as a powerful paradigm for solving differential equa-
tions by training neural networks to minimize residuals of the
governing equations at collocation points [3-5]. Unlike tra-
ditional numerical methods that discretize the computational
domain, PINNs represent solutions as continuous, differ-
entiable functions parametrized by network weights. This
approach has proven successful for a wide range of problems
in fluid mechanics, heat transfer, and solid mechanics, partic-
ularly for stationary problems. More broadly, neural networks
have demonstrated remarkable capability in solving quantum-
mechanical problems, including variational solutions of the
many-body Schrédinger equation [6-8]. The key advantage
of PINNS is their mesh-free nature and ability to incorporate
physics constraints directly into the loss function, making
them attractive for problems with complex geometries or
those where generating high-quality meshes is challenging.
Libraries such as DeepXDE [9] have made these methods
increasingly accessible.

Despite their success in many domains, PINNs face a
fundamental obstacle when applied to scattering problems.
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Scattering wave functions satisfy radiation boundary con-
ditions (Sommerfeld conditions) at infinity, requiring the
solution to be a specific superposition of incoming and out-
going waves. These conditions cannot be reduced to simple
Dirichlet or Neumann conditions at any finite boundary be-
cause the wave function oscillates indefinitely, and the correct
asymptotic form involves the unknown phase shift that one
is trying to compute. Truncating the computational domain at
any finite radius introduces spurious reflections that contami-
nate the solution. This fundamental incompatibility between
oscillatory radiation conditions and finite-domain compu-
tation has prevented the application of PINNs to nuclear
reactions.

Exterior complex scaling provides an elegant solution to
this boundary-condition problem by analytically continuing
spatial coordinates into the complex plane beyond a certain
radius [10-13]. When the radial coordinate r is rotated into
the complex plane by an angle 6, outgoing waves that behave
as ¢*” become exponentially damped as ¢’*" 03¢ g =k7sinf Thjg
transformation converts the scattering problem into one with
square-integrable (L?) boundary conditions: the wave function
now decays exponentially at large distances and can be set
to zero at a finite outer boundary, serving a similar purpose
to perfectly matched layer absorbing boundaries [14] that
have also been adapted for quantum wave equations [15].
The physics of the scattering process is preserved because
the complex scaling only affects the asymptotic region where
the potential vanishes, leaving the nuclear interaction region
on the real axis where wave functions and observables are
physically meaningful.

The application of complex scaling to scattering cal-
culations was pioneered in atomic and molecular physics
for studying resonances and electron-atom collisions [16].
In nuclear physics, complex scaling has been applied to
study resonances in light nuclei [17], and Liu, Lei, and
Ren recently developed the COLOSS code implementing
complex scaling for optical model calculations [18]. Con-
ventional discretization methods for scattering, such as finite
differences, R-matrix [19-21], and Numerov integration [22],
are highly efficient for single-channel scattering, and the
present work does not aim to replace them for such applica-
tions. Rather, the motivation for combining exterior complex
scaling (ECS) with PINNs lies in the unique advantages
that neural network approaches offer for more challenging
problems.

The key advantages of a PINN-based scattering solver are
threefold. First, the entire computational pipeline is end-to-
end differentiable, enabling gradient-based optimization of
potential parameters to fit experimental data, i.e., inverse
problems that would otherwise require expensive outer-loop
optimization over repeated forward solves. Second, PINNs
naturally extend to multi-output representations, making
coupled-channel calculations conceptually straightforward
without explicitly constructing coupled matrix equations.
Third, mesh-free neural network methods scale more favor-
ably with dimensionality than grid-based approaches, offering
a potential pathway to few-body scattering problems (e.g.,
Faddeev equations [23-25]) where traditional methods face
exponential computational cost. The present work establishes

the foundation by validating PINN-ECS against established
solvers on well-understood single-channel benchmarks.

I develop a driven-equation formulation that decomposes
the wave function into a known incident Coulomb wave and a
scattered wave satisfying an inhomogeneous equation whose
source term is confined to the real axis (see Sec. II for
details). Several technical innovations, including a sigmoid-
capped boundary-condition factor for high-£ channels, an
auto-adaptive anchor scale with a linear warm-down for weak-
source channels (high-¢ partial waves where the centrifugal
barrier suppresses the source term), and multipoint S-matrix
averaging, are described in Sec. III.

In this paper, I validate the PINN-ECS method on two
benchmark systems. The first is neutron scattering on “’Ca
at Ejy, = 20 MeV using the Koning-Delaroche global opti-
cal potential, which includes volume, surface, and spin-orbit
terms [26]. I compute 21 partial waves up to £ = 10 and
compare phase shifts and S-matrix elements to those obtained
from the established COLOSS code. The second benchmark
is SLi + 2°8Pb elastic scattering at 40 MeV, a heavy-ion sys-
tem with strong Coulomb effects requiring 41 partial waves.
I compute the Rutherford ratio (do/d2)/(do /d2)rum and
demonstrate the characteristic Coulomb-nuclear interference
pattern.

The paper is organized as follows: Sec. II presents the theo-
retical framework, including the radial Schrodinger equation,
the exterior complex-scaling transformation, and the driven-
equation formulation for scattering. Section III describes the
neural network architecture, loss functions, and training pro-
cedure. Section IV presents benchmark results for n + “°Ca
and °Li 4 2%8Pb scattering. Section V discusses the capabili-
ties and limitations of the approach. Section VI summarizes
my findings and outlines future directions.

II. THEORETICAL FRAMEWORK

The quantum-mechanical description of nuclear scattering
begins with the time-independent Schrodinger equation for
the relative motion of two colliding nuclei. In the center-
of-mass frame, the three-dimensional wave function can be
expanded in partial waves, each characterized by orbital-
angular-momentum quantum number ¢. For each partial wave,
the radial wave function uy(r) = rR(r), where R,(r) is the ra-
dial part of the full wave function, satisfies a one-dimensional
Schrddinger equation that forms the starting point of my anal-
ysis.

The radial Schrodinger equation in the variable x (the phys-
ical radial coordinate) takes the form

[ B d2 R+ 1)

s— W)+ Vc(X)} u(x) = Eu(x),

21 dx? 2ux
(H

where w is the reduced mass of the projectile-target system,
E is the center-of-mass kinetic energy, Vy(x) is the short-
range nuclear potential, and V¢ (x) is the Coulomb potential
arising from the electrostatic repulsion between nuclei with
charges Z; and Z,, modeled as a uniformly charged sphere
with radius R¢ = rcAl/3 (using rc = 1.3 fm) to avoid the
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point-charge singularity at the origin. The centrifugal term
e+ 1) /(2ux?) arises from the angular part of the kinetic-
energy operator and creates an effective barrier that prevents
low-energy particles from penetrating to small radii for high
angular momenta. The wave function must satisfy the bound-
ary condition u(0) = 0 to remain finite at the origin, and, for
scattering states at positive energy E > 0, it must match the
appropriate asymptotic form at large distances.

The nuclear potential Vy(x) is the optical model potential
[27-29], a short-range complex function whose imaginary
part accounts for flux loss to nonelastic channels. The detailed
parametrizations used in the present benchmarks (Koning-
Delaroche [26] for n + *°Ca and a Cook-type Woods-Saxon
volume potential [30] for °Li + 2°*Pb) are specified in Sec. IV,
where the corresponding calculations are presented.

For scattering states, the asymptotic behavior of the wave
function at large x where Vy(x) — 0 is determined by the
Coulomb potential alone. A convenient standard normaliza-
tion writes the asymptotic solution as

X—>00

mm——»gw”mwm—&w”mxm, P

where k = /2iE /i is the wave number, ) = Z;Z,e?u/(h*k)
is the Sommerfeld parameter characterizing the strength of the
Coulomb interaction, and He(i) = Gy % iF; are the outgoing
(+) and incoming (—) Coulomb-Hankel functions constructed
from the regular (F;) and irregular (G,;) Coulomb wave func-
tions [31,32]. The S-matrix element S, therefore multiplies
the outgoing Coulomb-Hankel function relative to the incom-
ing one in this asymptotic normalization. For purely elastic
scattering with a real potential, |S;| = 1 and S, = e??; with
absorption, one may write Sy = |S;|e*®, where |S;| < 1 mea-
sures the flux loss to nonelastic channels [33,34].

The traditional approach to solving the scattering problem
is to integrate Eq. (1) outward from the origin using methods
such as Numerov [35] or Runge-Kutta, imposing the boundary
condition #(0) =0 and the correct »‘*! behavior near the
origin. The integration continues to a matching radius 7,
sufficiently large that the nuclear potential has decayed to neg-
ligible values, typically r,, & 15-20 fm for nucleon-nucleus
scattering. At this point, the numerical solution is matched to
the known asymptotic form in Eq. (2) to extract S,. For neutral
particles (n = 0), the Coulomb functions reduce to spherical
Bessel functions, while for charged particles, specialized al-
gorithms such as COULCC [32] are required to evaluate them
accurately.

This conventional approach, while reliable, does not extend
naturally to neural network solvers because of the radiation
boundary conditions at large r. Physics-informed neural net-
works operate on finite computational domains and require
boundary conditions that can be specified independently of the
solution. Scattering problems, however, require Sommerfeld
radiation conditions: the wave function must asymptotically
match a superposition of incoming and outgoing waves whose
relative amplitude (the S-matrix) is the unknown quantity be-
ing computed. These oscillatory conditions cannot be imposed
at any finite boundary, and truncating the domain introduces
spurious reflections. This fundamental incompatibility has
prevented the application of PINNS to scattering problems.

Exterior complex scaling resolves this difficulty by analyt-
ically continuing the radial coordinate into the complex plane
beyond a scaling radius Ry [10]. I introduce a smooth co-
ordinate mapping from a parameter coordinate r € [0, Ryax]
(always real) to a physical coordinate x(r) that becomes com-
plex for r > Ry. The mapping is constructed using a smooth
switching function

0 t <0
s)y=13t2—-23 0<r<1
1 t>1,
—R
== 3)
w

where w is the width of the transition region, typically chosen
as w ~ 0.1Ry to ensure a smooth but localized transition. This
polynomial form ensures that s(¢) and its first derivative are
continuous everywhere, avoiding discontinuities that could
cause numerical difficulties. The physical coordinate is then

x(r) =r+ (7 — DI(r), )

where 6 is the rotation angle and /(r) is the integral of the
switching function,

r o R,
I(r) =f s( )dr’. 5
0 w

This integral has a closed-form expression: I(r) = 0 for r <
Ry, I(r) = w(® —1*/2) for Ry <r < Ry+w, and I(r) =
w/2+ (r — Ry — w) for r > Ry + w. The Jacobian of the
transformation is

q(r):d_x=1+(el“’—1)s<r_R0>, (6)
dr w

which equals unity for » < Ry (where x = r is real) and ap-
proaches e for r > Ry + w (where x increases along a ray at
angle 6 in the complex plane).

The effect of this coordinate transformation on outgoing
waves is crucial. An outgoing wave e/** in the ECS region
becomes (") = klreos0+v (Ol where y(r) = Im[x(r)] in-
creases approximately as (r — Ry)sin 6 for r > Ry + w. The
amplitude therefore decays as e ¥"—Ro)sind " converting the
oscillatory wave into an exponentially damped function. For
the ECS absorbing boundary to work effectively, the damping
factor exp[—k(Rmax — Ro) sin 6] at the outer boundary must be
small enough to suppress the wave function there; in practice,
I require it to be below 21073, The specific parameter values
0, Ry, Rmax used for each benchmark system, together with the
corresponding numerical decay factors, are quoted in Sec. IV,
where the calculations are presented.

Unlike uniform complex scaling, where the nuclear poten-
tial must be evaluated at complex coordinates, ECS keeps the
nuclear interaction region on the real axis by choosing R be-
yond the range of Vi [36]. Since the nuclear potential vanishes
for r > Ry, the Woods-Saxon singularity structure does not
constrain the rotation angle 6. Only the Coulomb potential
Ve o« 1/x(r), which is analytic away from the origin, requires
evaluation at complex coordinates. A moderate 6 provides
adequate absorption while avoiding numerical difficulties in
evaluating Coulomb wave functions at complex arguments;
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larger values of 6 would require more collocation points in
the ECS region to resolve the more rapidly decaying solution.
Under the ECS coordinate transformation, the differential
operators transform according to the chain rule. The first
derivative becomes d/dx = ¢~'d/dr, and the second deriva-
tive is
d? 1 d 4d
dx?2  g2dr2 Bdr’
where ¢’ = dg/dr = (e’ — 1)(6t — 6t2)/w in the transition
region 0 <t < 1, and ¢’ = 0 outside this region. The trans-
formed Schrédinger equation in the parameter coordinate r

takes the form
h2 1 /
__<_2u”— q—l/) + u+Vxr)u=Eu,
21\ g 7
(®)

where primes denote derivatives with respect to 7 and V (x) =
Vn(x) + Ve(x) is the total potential. The critical simplifica-
tion is that for r > Ry, I set Vy = 0 because the nuclear
potential has negligible range beyond the nuclear surface.
Only the Coulomb potential requires evaluation at complex
coordinates, and this is straightforward since 1/x is analytic
everywhere except at the origin.

For the scattering problem, I employ a driven-equation for-
mulation that separates the total wave function into incident
and scattered components,

u(r) = u™(r) + u*(r), ©

@)

e +1)
2ux(r)?

where u™(r) = F;(n, kx(r)) is the regular point-Coulomb
wave function used as the reference solution, computed with
the point-Coulomb Sommerfeld parameter 5. The scattered
wave u*(r) satisfies the inhomogeneous driven equation

(H — EY*(r) = —Vipore (r)u™(r), (10)

where H is the Hamiltonian operator, including kinetic
energy, centrifugal barrier, the charged-sphere Coulomb po-
tential, and the nuclear optical potential. The short-range
potential Vihor = Viy + (V2P here _ V2™ includes both the nu-
clear potential and the charged-sphere correction; the latter
arises because the incident Coulomb wave is a solution of the
point-Coulomb Schrodinger equation, not the charged-sphere
equation. The charged-sphere correction vanishes identically
for r > R¢, while the nuclear term becomes negligible well
before the chosen ECS radius Ry and is set to zero in the ECS
region. This means the right-hand side of Eq. (10) is confined
entirely to the real-axis region r < Ry, and no analytic contin-
uation of Vi is required. In the ECS region, the scattered
wave satisfies the homogeneous equation (H — E)u* =0
with exponentially decaying boundary conditions, which is
precisely the type of problem that neural networks can solve
efficiently.

The S-matrix element is extracted by matching the total
wave function at a radius r, < Ry on the real axis. The
matching uses Wronskians of # with the regular and irregular
Coulomb functions Fy(n, p), Ge(n, p):

N = kuF} — u'Fy, (11)

D =u'G, — kuG), (12)

where all functions are evaluated at r = r,,, (0,, = krp), u' =
du/dr, and F/, G, denote derivatives with respect to p = kr.
The S-matrix is then computed directly as
D +iN

S =i (13
which remains well-defined for absorptive optical potentials
and avoids the numerical pathology of the K-matrix represen-
tation when D — 0 (corresponding to §; — £90°). The phase
shiftis then §, = arg(S¢)/2 and the absorption is characterized
by |S¢] < 1. To improve robustness, I average the S-matrix
over five matching radii distributed uniformly in the interval
[0.7Ry, 0.9R,], which reduces sensitivity to local fluctuations
in the numerical solution.

III. COMPUTATIONAL METHOD

The PINN-ECS method combines exterior complex scal-
ing, which transforms oscillatory scattering waves into
decaying functions, with a physics-informed neural network
that learns the scattered wave function by minimizing the
differential equation residual. The key components include
the ECS coordinate mapping, the network architecture with
hard-coded boundary conditions, and the driven-equation for-
mulation that confines the nuclear potential to the real axis.

The physics-informed neural network represents the scat-
tered wave function u*°(r) as a parametrized function of the
radial coordinate. The network architecture consists of a fully
connected feedforward network with r € [0, Ry.«] as input
and two outputs representing the real and imaginary parts of
the complex wave function, ug(r) and u;(r). I use four hidden
layers with 128 neurons each and sinusoidal activation func-
tions, o(z) = sin(z), which are particularly well-suited for
representing oscillatory solutions [37,38]. The raw network
output i(r) is then modified to enforce boundary conditions
exactly.

The boundary conditions #*°(0) = 0 and u*(Ry.x) = 0 are
enforced through a multiplicative factor,

g(r)(l - r/Rmax)
N

where A is a normalization constant and g(r) encodes the cor-
rect 7+! behavior near the origin. A naive choice g(r) = r*!
becomes problematic at high angular momentum. Since the
final wave function is the product #*® o g(r) - &i(r) and must
remain bounded, a large g(r) requires the network to output
proportionally small values of #(r). For example, at £ =5
and r = Ry = 20 fm, the factor r**! ~ 6 x 107. To produce a
bounded wave function, the optimizer must drive all network
weights toward small values, which compresses the dynamic
range available for representing the detailed structure in the

nuclear interior.
I resolve this problem with a sigmoid-capped boundary-

condition factor,
g(r) = (1 —o)r™™ + o Ry (15)

nuc °

u*(r) =

i(r), (14)

where Ry, is a characteristic nuclear radius (I use Ry, =

1.25Aé{é fm, consistent with the radius parametrization R =

rAl2 of the KD02 and Cook optical potentials used in

targ
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FIG. 1. Neural network architecture for PINN-ECS. The network takes the radial coordinate r as input and passes it through four hidden
layers of 128 neurons each with sinusoidal activation functions. The raw network output (r) is multiplied by the boundary-condition factor
g(r)(1 = r/Rpax), where g(r) = (1 — o.)r**! + o.R4] [Eq. (15)] is a sigmoid-capped factor that prevents numerical overflow for high-angular-

nuc

momentum channels. This hard-coded construction ensures #°°(0) = u*(Ry.x) = 0 exactly, regardless of the learned weights.

Sec. IV) and o, is a smooth transition function,

-1
oc(r) = [1 + exp (—@(r—&mc))} . (16)

This construction ensures that g(r) &~ r*! for r <« Ry, (pre-
serving the correct behavior at the origin), while g(r) — R.f!
for r > Ry, (bounded in the asymptotic region). Figure 1
shows how this boundary condition (BC) factor is integrated
into the neural network architecture, where the raw network
output is multiplied by g(r) to enforce the boundary condi-
tions exactly. Figure 2 illustrates how this capping prevents
the pathological growth for high-£ channels. The normalized
BC factor g(r) is shown for £ = 0 (solid), £ = 1 (dashed),
£ = 2 (dash-dotted), and £ = 3 (dotted). The vertical dashed
line marks Rpyu. For € > 0, the factor rises steeply near the
origin following r**!, then saturates to a constant beyond R,.

2.5
l

2.0 A (=
/

1.5

g(r) (normalized)
~
I

r (fm)

FIG. 2. Normalized boundary-condition factor g(r) showing the
sigmoid capping that prevents growth beyond R’H!: ¢ = 0 (solid),
¢ = 1 (dashed), £ = 2 (dash-dotted), and £ = 3 (dotted). The vertical
dashed line marks Ry,,. For £ > 0, the factor transitions smoothly
from r“*! behavior near the origin to a bounded value R%"! in the

nuc
asymptotic region.

For ¢ = 0, where the uncapped factor (1 — r/Rp,x) is already
well-behaved, I skip the sigmoid capping.

The loss function combines the differential equation resid-
ual with an anchor term that prevents the trivial solution
u*® = 0. The residual loss is

N.
] « .
Lres = N Zl I[(H — E)u* + Viportd™ (1), (17)

where the sum runs over N, collocation points {r;} and the
Hamiltonian action is computed using automatic differen-
tiation [39] for the scattered wave derivatives. The anchor
loss prevents the optimizer from finding the trivial solution

u* =0,
sc|2
Lanchor = Wa €xXp <_M),

Sa

(18)

where (-) denotes the mean over collocation points, w, is
the anchor weight (set to w, = 0.1 throughout this work),
and s, is a scale parameter. When u* = 0, the exponen-
tial approaches unity, and the loss receives a penalty of w,;
when |u*°|> > s, the anchor loss vanishes and does not inter-
fere with residual minimization. The total loss is £ = L5 +
Lanchor- The scale parameter is set automatically based on the
source term magnitude:

Sa = {|VabonFel), (19)
which ensures that the anchor contribution remains compara-
ble to the residual loss across all partial waves and eliminates
the need for manual tuning. For heavy-ion scattering, partial
waves in the absorption-to-transparency transition region (£ ~
25-30 for the SLi+ 2%Pb benchmark) pose a special chal-
lenge: the source term is very weak (centrifugal suppression)
and the correct scattered wave is itself very small because | S|
approaches unity, so any spurious anchor contribution inflates
|#*¢| above its physical value and biases |S;| systematically
below unity (i.e., produces apparent absorption that is not
really there). To remove this bias I introduce a linear anchor
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warm-down for channels with s, < 57 = 0.1:

2n
Lanchor(n) — max (Oa 1- Zv_d>[/anch0rv (20)

where n is the current Adam epoch and Nyq = 15000.
The factor decays linearly from one to zero over n €
[0, Nw4/2] and remains zero thereafter, so that for n >
7500 the remaining Adam epochs and the entire limited-
memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) stage
are driven by the residual loss alone. This design provides
an internal check against anchor-induced bias for exactly
the channels where it matters most: the warm-down termi-
nates with Lncnor = O identically, so the converged solution
minimizes the driven-equation residual without any anchor
contribution. When the warm-down schedule is in use, it is
applied per channel automatically based on the source magni-
tude and requires no manual tuning. The threshold s} acts as
a gate: channels with (|ViporFr|?) = s» retain the static auto-
anchor throughout training (no warm-down), while channels
below the threshold engage the warm-down so that the con-
verged solution is anchor-free. For the SLi + 28Pb benchmark,
the strong Coulomb suppression of F; pushes the absorption-
to-transparency channels (¢ 2> 24) below the threshold, where
the warm-down is essential for an unbiased treatment of the
near-transparent transition region. For the n + *’Ca bench-
mark, low-£ channels (¢ < 6) sit above the threshold and
use the static auto-anchor, while ¢ > 7 fall just below it and
engage the warm-down. The sensitivity scan presented next
shows that the converged |S,| and §, are robust to this gating
decision in either regime.

A more general convergence diagnostic is to vary the
anchor parameters and verify that physical observables are
insensitive to them. In practice, this can be done by changing
the anchor weight w, by a factor of a few or by varying Ny,
and confirming that |S,| and §, shift by amounts compara-
ble to or below the residual disagreement of the benchmark
with the reference solution, so that the anchor parameters are
not the dominant source of error. For the present calcula-
tions, this check is implicit in the warm-down construction
itself, since for affected channels the late-stage solution is
anchor-free regardless of w, and s,. The cost of an explicit
sensitivity scan is one additional training run per anchor pa-
rameter value, i.e., comparable to one extra partial wave per
scan point. I have carried out this scan on two representative
channels: varying w, across {0.05, 0.1, 0.2} and Nyq across
{7500, 15000, 22 500} at £ = 25 for the °Li 4 2*®Pb bench-
mark gives a spread of 3 x 1073 in |S»s| and 0.0008° in 8y,
two to four orders of magnitude below the residual |A|S|| ob-
tained against COLOSS at this £ (Sec. IV). An analogous w,
scan on a representative weak-source channel of the n + *°Ca
benchmark (jis/2, £ = 7) gives |S| and § spreads of 4 x 10~
and 0.10°, comparable to the residual A§ ~ 0.06° against
COLOSS at this £ (Sec. IV) and well below the worst-case
AS = 0.60° reported in Table 1.

The collocation points are distributed nonuniformly to con-
centrate sampling in regions of rapid variation. I allocate
50% of the points to the nuclear interior » € [0, 2R,.], 20%
to the intermediate region r € [2Ry,c, Ro], and 30% to the

TABLE 1. Phase shifts and S-matrix elements for n + *°Ca at
E.n = 20 MeV. Representative channels are shown from the inte-
rior (s1/,—fs,2), surface (go2—h11/2), and high-angular-momentum
(i11/2—j152) regions, including the channel with the worst agreement
(i11/2, A8 = 0.60°).

Channel OpINN Scor AS |STpnn [S]cor
S1/2 +16.27° +16.27° +0.00° 0.415 0.415
P32 +11.06° +11.10° —0.04° 0.519 0.518
ds)» +6.19° +6.19° +0.00° 0.401 0.401
52 —46.86° —46.85° —0.01° 0.498 0.497
892 —35.70° —35.66° —0.04° 0.537 0.537
hiip +8.64° +8.46° +0.18° 0.227 0.230
i12 +4.70° +4.10° +0.60° 0.883 0.888
Jis2 +1.44° +1.38° +0.06° 0.976 0.976

ECS region r € [Ry, Rnax]. Within each region, points are
drawn from a uniform distribution. The required number of
collocation points is set by the PINN optimization itself, not
by a step-size criterion: each collocation point contributes
one residual term to the loss, and an adequate density is
needed everywhere to constrain the network output and pre-
vent the gradient flow from finding spurious local minima
of the loss. Empirically, reducing the n + “°Ca budget be-
low ~21500 points or the °Li+2Pb budget below ~3000
points degrades the high-¢ phase shifts. The resulting average
spacing (i.e., 0.015 fm for 4000 points in 60 fm) is therefore
much smaller than the de Broglie wavelength or the Woods-
Saxon diffuseness (a ~ 0.6-0.8 fm); the latter scales would
only require ~100 points to resolve, far fewer than the PINN
optimization actually demands.

Training proceeds in two stages. The first stage uses the
Adam optimizer [40] with learning rate 5 x 10~* and cosine
annealing, where each epoch consists of one gradient descent
step using all collocation points. Adam is robust to the choice
of initial learning rate and handles the ill-conditioning of the
loss landscape gracefully [41]. The second stage switches to
L-BFGS [42] with strong Wolfe line search, where each epoch
performs one quasi-Newton update with up to 20 line search
evaluations. L-BFGS provides quadratic convergence near the
minimum and refines the solution to high accuracy. Network
weights are initialized with a fixed random seed (42) to ensure
reproducibility. For systems with spin-orbit coupling, after
training the j = £ — 1/2 partner of a given £ I use its con-
verged weights to initialize the j = £ 4 1/2 partner (transfer
learning); since the two partners differ only in the spin-orbit
term of the optical potential, this warm-start roughly halves
the Adam and L-BFGS budgets needed by the second partner.
For the spin-zero °Li + 2°Pb benchmark each £ has only a sin-
gle channel, and transfer learning is not used. All derivatives
of the trial solution are computed via automatic differentiation
of the network output with respect to the input coordinate,
and training is accelerated on graphics processing unit (GPU)
hardware. The specific training parameters vary by system:
for n+ %°Ca, I use 2000 collocation points, 20000 Adam
epochs, and 800 L-BFGS epochs; for 5Li + 208pPp, T use 4000
collocation points, 30000 Adam epochs, and 1000 L-BFGS
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epochs. For high-angular-momentum channels (¢ > 6, where
the centrifugal barrier weakens the source term and slows
convergence), the Adam and L-BFGS budgets for the initial
training of each ¢ are increased by a factor of 1.5 (the spin-
orbit partner trained by transfer learning uses the standard
halved schedule and is not boosted). The increased compu-
tational requirements for the heavy-ion system arise from two
factors: the large Sommerfeld parameter (n =~ 15) causes the
Coulomb wave functions to vary more rapidly, requiring finer
spatial sampling, and necessitates double-precision arithmetic
throughout (rather than mixed precision), which increases the
cost per epoch.

For heavy-ion systems with strong Coulomb barriers, I
employ a causal training strategy [43] that builds the solution
from the nuclear interior outward. The source term VyF; in
the driven equation is localized within the nuclear radius, so
the scattered wave originates from this region and propagates
outward. Training all radii simultaneously can lead to spurious
solutions in the outer region where the source term vanishes.
To avoid this, I progressively expand the training region from
Rpyc to Ry over Nyummup €pochs (typically 3000):

L(n) = Ruye + (Ro — Ruue) min(”/Nwarmup: 1), 21

where L(n) is the outer boundary of the training region at
epoch n. Points beyond L(n) contribute less to the loss, ensur-
ing that the interior solution is established before fitting the
asymptotic region.

IV. RESULTS

I validate the PINN-ECS method on two benchmark
systems that test different aspects of the approach: nucleon-
nucleus scattering with a complete optical potential including
spin-orbit coupling, and heavy-ion scattering with strong
Coulomb effects and a simpler (spin-independent) potential.

The first benchmark is neutron scattering on DCaat By =
20 MeV, a well-studied system with extensive experimental
data and established optical potentials. I use the Koning-
Delaroche (KD02) global optical potential [26], which writes
the optical potential as the sum of four terms [27-29]: a real
volume term and an imaginary volume term, both proportional
to a Woods-Saxon form factor [44] f(x) = {1 + exp[(x —
R)/a]}~! with their own depths V,, W,, radii R = rAél/ri,, and
diffuseness parameters; an imaginary surface term propor-
tional to —4a,df/dx that peaks near the nuclear surface and
accounts for the surface localization of low-energy absorp-
tion; and a spin-orbit term, also derivative of a Woods-Saxon
form factor, that couples the projectile spin to its orbital an-
gular momentum and splits each £ > 0 partial wave into j =
£+ 1/2and j = £ — 1/2 components. The Koning-Delaroche
parametrization provides energy- and target-dependent values
for all these components; similar global parametrizations in-
clude the Chapel Hill potential [45]. I compute 21 channels in
total, corresponding to £ = 0 through ¢ = 10: s/, for £ =0,
and both j = £ &£ 1/2 spin-orbit partners for £ = 1-10.

For the ECS transformation I use Ry = 20 fm, Rpy.x = 60
fm, & = 12°, and a transition width w = 0.1Ry = 2 fm. These
choices follow the standard criteria established in the atomic
and molecular ECS literature [16,36]: Ry must exceed the
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FIG. 3. PINN-ECS results for n+ “°Ca scattering at Ej, =
20 MeV with the KDO02 optical potential. (a) Phase shifts §
comparing PINN-ECS (circles) to COLOSS reference (squares).
(b) S-matrix magnitudes |S|. (c) Phase shift errors Ad = Spinn —

8C0LOSS .

range of the nuclear potential (the Woods-Saxon half-value
radius is Ry =~ 4.3 fm here, so Ry = 20 fm is comfortably
beyond it); & must be large enough that outgoing waves
are adequately damped, but small enough that the Coulomb
potential 1/x(r) at complex coordinates does not amplify
round-off errors and the rapidly decaying solution can still
be resolved by a moderate number of collocation points; and
Riax must give a small ECS damping factor exp[—k(Rpax —
Ry) sin 8], which evaluates to ~4 x 10~* for the present pa-
rameters and is well below the 1072 threshold required for
adequate absorption at the outer boundary. The same general
criteria, applied to the heavier system, motivate the slightly
different parameters quoted below for °Li + 2°*Pb.

Figure 3 compares PINN-ECS results with reference val-
ues from the COLOSS code [18], which solves the same
scattering problem using conventional complex scaling with
Lagrange-mesh discretization. Figure 3(a) shows the phase
shifts 6 for all 21 channels, where black squares connected
by lines represent the COLOSS reference and red circles
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FIG. 4. Auto-adaptive anchor scale s, = (|VinornF¢|?) versus an-
gular momentum £ for n 4 “°Ca. The scale decreases by over three
orders of magnitude from ¢ =0 to £ = 6 due to centrifugal sup-
pression of the source term, and reaches the threshold s* = 0.1 near
£ = 17. Circles with solid line: j = £ 4 1/2; squares with dashed line:
j =4 —1/2. The auto-adaptive logic of Sec. III retains the static
auto-anchor for £ < 6 (above threshold) and engages the warm-down
for £ > 7 (below threshold); the sensitivity scan reported in Sec. III
confirms that the converged |S,| and §, are robust to this gating
decision.

show the PINN-ECS results. The two methods agree so well
that the symbols overlap for most channels. Figure 3(b)
displays the S-matrix magnitudes |S|, which characterize
absorption into nonelastic channels. The horizontal dashed
line marks the unitarity limit |S| = 1. Figure 3(c) shows the
phase shift errors Ad = Spinn — Scoross as a bar chart. For
the strongly absorbed channels (¢ < 4), the errors are at the
0.1° level. For the higher partial waves (£ = 5-10), the errors
increase but remain <0.60° in all cases, with the worst case at
i11/2 (£ = 6). The mean |A5] across all 20 spin-orbit channels
is 0.09°. The matching-radius spread (the analog of the error
bars shown in Fig. 5(c) for the heavy-ion benchmark) is below
0.08° for all 21 channels (mean 0.012°) and would be smaller
than the symbol size in Fig. 3; it is therefore omitted from the
plot.

Table I presents a quantitative comparison for represen-
tative channels spanning the full angular-momentum range.
The 51/, wave shows Spiny = 16.27° compared with Scoross =
16.27°, agreement to two decimal places. The f5,, wave, with
a large negative phase shift of —46.86°, is reproduced to
within 0.01°. The most challenging channel is ij;,, (£ =6,
Jj = 11/2), where the PINN phase shift of 4.70° overestimates
the COLOSS value of 4.10° by A§ = 0.60°; the j;5/, channel
(€ = 7) for which the auto-adaptive logic of Sec. III engages
the warm-down agrees with COLOSS to A§ = 0.06°. High-¢
channels have small source terms due to centrifugal suppres-
sion, making accurate training more difficult, but the S-matrix
magnitudes still agree with COLOSS to within A[S| < 0.005
across all 20 spin-orbit channels, confirming that the imagi-
nary part of the optical potential is correctly handled.

The auto-adaptive anchor mechanism plays a role in
achieving consistent accuracy across partial waves. Figure 4
shows the anchor scale s, for each partial wave of the n +
40Ca system: it drops by over three orders of magnitude
from £ =0 to £ ~ 6 due to centrifugal suppression of the
source term VyFy, and reaches the threshold s* = 0.1 near

TABLE II. Relative rms difference between PINN and Runge-
Kutta reference-solver wave functions for n + *°Ca, evaluated in
the nuclear interior (r < Ry,), surface (R, < r < 2R,.), and outer
(r > 2Ry ) regions.

Channel Interior Surface Outer Total
s 0.03% 0.02% 0.02% 0.02%
s 0.02% 0.02% 0.04% 0.03%
892 0.06% 0.05% 0.07% 0.06%
hiyys 0.14% 0.25% 0.42% 0.33%
iy 1.42% 1.16% 1.56% 1.39%
Jis2 0.04% 0.03% 0.11% 0.08%

£ = 7. The auto-adaptive logic of Sec. III therefore retains the
static auto-anchor for ¢ < 6 and engages the warm-down for
£ > 7, the sensitivity scan reported in Sec. III confirms that
the converged S-matrix is robust to this gating decision.
Beyond the phase shifts and S-matrix elements, it is in-
structive to compare the wave functions themselves, as these
are relevant for applications to nuclear reactions beyond elas-
tic scattering. Table II reports the relative root-mean-square
(rms) difference between PINN and Runge-Kutta reference-
solver wave functions for representative n + “’Ca channels
evaluated in three radial regions: the nuclear interior (r <
Ruuce), the nuclear surface (Rpye < 7 < 2Rpu), and the outer
region (r > 2Ryyc). For low-£ channels (£ < 3), the relative
The rms is below 0.15% in all regions, and below 0.05% for
all spin-orbit partners except p3/. The worst case across the
higher partial waves is 71> (£ = 6, the same channel as the
worst-case A§ of Table I), at 1.4% in the interior, 1.2% at
the surface, and 1.6% in the outer region. The auto-adaptive
warm-down for ¢ > 7 leaves the wave-function quality at
the 0.1% level even at the high-angular-momentum tail (i.e.,
J15/2: 0.04% interior, 0.03% surface, 0.11% outer). The mean
relative rms across all 21 channels is 0.20%, confirming that
the PINN solution reproduces the wave function accurately in
the region most relevant for nuclear reaction calculations.
The second benchmark is °Li 4 2*®Pb elastic scattering at
Ejp, = 40 MeV, a heavy-ion system with strong Coulomb ef-
fects. The Sommerfeld parameter for this system is n & 15,
indicating that multiple Coulomb scattering events occur be-
fore the nuclear interaction, creating a thick Coulomb barrier
that strongly modifies the scattering pattern. I compute 41
partial waves from £ = 0 to £ = 40 to capture the complete
angular distribution. In this calculation, Li is treated as a
spin-0 projectile; spin-orbit coupling is not included. The
optical potential is a Woods-Saxon volume form with param-
eters V, = 109.5 MeV, r, = 1.326 fm, a, = 0.811 fm, W, =
22.384 MeV, r, = 1.534 fm, a,, = 0.884 fm, taken from a
fit to elastic scattering data in this mass and energy region
[30]. The Coulomb potential is that of a uniformly charged
sphere with radius Re = rCAtla/I‘; using r¢ = 1.3 fm, giving
Rc ~ 7.7 fm. The ECS parameters are Ry = 20 fm, Ryax =
50 fm, and 6 = 12°; the much larger wave number (k ~
3.29 fm~!) produces a damping factor of approximately 10~°
at the outer boundary, far smaller than the 1073 threshold of
Sec. II and more than sufficient even with a smaller R,,x than
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FIG. 5. °Li+2®Pb elastic scattering at Ej, = 40 MeV.
(a) Rutherford ratio on a linear scale. (b) Rutherford ratio on a
logarithmic scale, showing the diffractive structure over three orders
of magnitude. (c) S-matrix magnitude |S,| versus partial wave ¢;
error bars show the standard deviation across five matching radii
(Ymateh = 14-18 fm). In all panels, COLOSS is the solid line, and
PINN-ECS is the dashed line or circles.

for n + “°Ca. For this heavy-ion system, I employ the causal
training strategy with Nyamup = 3000 epochs to ensure stable
convergence across all partial waves.

Figure 5 presents the results for the °Li 4+ 2%®Pb system.
Figure 5(a) shows the Rutherford ratio on a linear scale,
which exhibits oscillations arising from interference between
the Coulomb and nuclear-scattering amplitudes, a signature
feature of heavy-ion scattering near the Coulomb barrier. Fig-
ure 5(b) displays the same quantity on a logarithmic scale,
revealing the diffractive structure over three orders of mag-
nitude; at backward angles (6 > 140°) the PINN-ECS curve
shows slight fluctuations at the 1073 level, reflecting the ac-
cumulated effect of small S-matrix errors at high ¢. Figure
5(c) shows the S-matrix magnitudes with error bars indicating
the standard deviation across five matching radii. The magni-
tudes exhibit the characteristic pattern of heavy-ion scattering:
strong absorption (|S| < 1) at low angular momenta where

TABLEIII. S-matrix elements for °Li + 2®Pb at E;,, = 40 MeV.
Selected partial waves are shown comparing PINN-ECS to the
COLOSS reference.

14 Re Spinn Re Scou Im Spinn Im Scou AlS|

0 —-0.014 —-0.014 —0.007 —0.006 +0.001
5 —0.012 —0.011 —0.019 —0.019 +0.000
10 +0.035 +0.039 —0.042 —0.042 —0.003
15 +0.231 +0.237 +0.037 +0.037 —0.005
20 +0.687 +0.684 +0.129 +0.130 +0.002
25 +0.932 +0.925 +0.040 +0.044 +0.007
30 +0.989 +0.983 +0.007 +0.009 +0.005
40 +1.000 +0.999 +0.000 +0.000 +0.001

the trajectories penetrate inside the Coulomb barrier, a graz-
ing region around ¢ &~ 15-25 where the absorption falls off
rapidly, and transparency (|S| — 1) at high angular momenta
where the centrifugal barrier prevents nuclear contact. The
PINN-ECS results agree well with the COLOSS reference for
all three observables.

For the n + “°Ca system, I present individual phase shifts
because they provide a channel-by-channel diagnostic of the
method’s accuracy for each partial wave. For SLi+2%Pb, I
instead show the Rutherford ratio and S-matrix magnitudes
because the elastic cross section is the standard experimental
observable for heavy-ion scattering and provides a stringent
test of the coherent sum over 41 partial waves. The under-
lying phase shifts for °Li+2%Pb are fully consistent with
the S-matrix comparison: PINN-ECS and COLOSS phase
shifts agree to within 0.13° throughout the transition re-
gion (£ =25-30) and to better than 0.6° for ¢ = 13-24.
For the strongly absorbed channels (¢ < 12, |S,| < 0.1), the
phase shift becomes ill-conditioned because §, = arg(Sy)/2 is
highly sensitive to small variations in S; when |S,| is small; the
PINN-COLOSS phase shift difference can reach ~1.8° in this
regime, but the corresponding |A|S,|| remains below 0.002,
and the contribution to the elastic cross section is negligible.

Table III presents a quantitative comparison of S-matrix el-
ements for selected partial waves spanning the absorption-to-
transparency transition. The agreement between PINN-ECS
and COLOSS is excellent across the entire range, with |S]
differences below 0.01 in the absorption region (£ < 20) and
A|S] < 0.007 even in the most challenging transition region
(¢ = 25-30). The mean |A|S|| across all 41 partial waves is
3.3 x 1073. The accurate treatment of the transition region is
enabled by the auto-adaptive anchor warm-down described in
Sec. I1I: as the source term magnitude (|VihorFy|?) falls below
~10~! for £ > 24, the warm-down progressively disables the
anchor loss in the second half of Adam training, removing
the bias that a fixed anchor scale would otherwise impose on
near-transparent channels where the correct scattered wave is
itself very small.

To quantify the numerical uncertainty, I extracted the
S-matrix at each of the five matching radii individually
and computed the standard deviation, shown as error bars
in Fig. 5(c). The spread remains below =102 in the
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FIG. 6. Training convergence for n 4 “°Ca scattering. Four rep-
resentative channels are shown: s, (solid), ds;» (dashed), g7,
(dash-dotted), and i}, (dotted). The initial loss for low-£ channels
is significantly larger than for high-£ channels, primarily because of
the centrifugal suppression of the source term VyF;. All channels
then drop by two to three orders of magnitude during the Adam stage
and approach a similar floor near ~10~! that reflects the irreducible
residual after the anchor contribution has decayed. Despite this finite
floor, all four channels yield phase shifts accurate to within 0.60°
(see Fig. 3), showing that the optimizer has converged to physically
correct solutions even where the loss does not drop further.

transition region (£ = 25-30) and below 0.001 for well-
converged channels (£ > 30); it is largest (up to ~4 x 1072)
near the absorption shoulder (¢ ~ 13), where the small |S|
amplifies the apparent matching-radius variation while the
absolute S-matrix differences against COLOSS stay below
0.005.

The Rutherford ratio shown in Figs. 5(a) and 5(b) is
computed from the S-matrix elements via the standard partial-
wave expansion of the elastic amplitude into a Coulomb part
and a nuclear-induced part [1,2]. With 41 partial waves, the
angular distribution is well-converged at all angles shown.

Figure 6 illustrates the training dynamics for the n + “’Ca
benchmark. Channels are trained sequentially, with transfer
learning applied within each £ value (from j = £ — 1/2to j =
£ 4 1/2). The loss decreases rapidly during training, dropping
by several orders of magnitude. Notably, the 51/, channel
converges to a relatively high loss (=0.8) compared with
other channels (=0.1), yet still produces accurate phase shifts
and S-matrix elements (see Fig. 3). This demonstrates the ro-
bustness of the PINN-ECS method: the physical observables
are insensitive to the precise value of the training loss once
the solution has captured the essential features of the wave
function. Each partial wave requires on the order of a few
minutes on a modern GPU.

V. DISCUSSION

The results presented above demonstrate that the combina-
tion of exterior complex scaling with physics-informed neural
networks provides an accurate and reliable method for solving
nuclear scattering problems. The key enabling insight is that
ECS transforms the oscillatory scattering boundary condi-
tions into decaying waves that neural networks can represent
naturally, while the driven-equation formulation confines the
nuclear potential to the real axis, where it is well-defined.
Several aspects of the method merit further discussion.

The accuracy achieved for nucleon-nucleus scattering is
comparable to that of established numerical methods. For the
strongly absorbed channels (¢ < 4), phase shift errors are
at the 0.1° level. The errors increase modestly for higher
partial waves, reaching Ad = 0.60° for the worst channel
(i11/2), due to the combination of weak source terms (cen-
trifugal suppression) and the sensitivity of small phase shifts
to numerical noise. The mean |A§| across all 20 spin-
orbit channels is 0.09°. A detailed wave-function comparison
(Table II) shows that the relative rms difference between
PINN and Runge-Kutta reference-solver solutions is below
0.15% for £ < 3 and below 2% even for the worst case,
with the interior accuracy typically better than the outer re-
gion (the high-¢ near-transparent channels are the exception,
where the absolute scale of the wave function in the in-
terior is centrifugally suppressed and the relative metric is
dominated by noise). For the heavy-ion benchmark, the auto-
adaptive anchor warm-down maintains A|S| < 0.007 even in
the absorption-to-transparency transition region (£ = 25-30)
where the scattered wave amplitude is smallest, and the mean
|A]S]| across all 41 partial waves is 3.3 x 1073, with no
additional training cost from the warm-down itself beyond
the standard 1.5x epoch boost already applied to all £ > 6
channels. The interior wave function accuracy reported here
suggests that the PINN-ECS solutions should be of useful
quality for inelastic and transfer applications where the wave
function inside the nuclear volume enters the transition am-
plitude, although a quantitative test in those reaction channels
is left to future work; if higher accuracy is needed it can
be sought through finer collocation near the nuclear surface
or by extended training of the highest-£ channels (with the
algorithmic choice between static-floor anchor and warm-
down made according to whether the system is dominated by
short-range absorption or by a strong Coulomb absorption-to-
transparency transition, respectively).

The driven-equation approach has a significant advantage
over directly solving for the total wave function: it naturally
separates the known asymptotic behavior (encoded in the
incident Coulomb wave) from the unknown scattered contri-
bution. Although the scattered wave oscillates with the same
wave number k as the incident wave in the nuclear interior,
it is exponentially damped in the ECS region (r > Ry) by
construction, while the total wave function would continue os-
cillating. The neural network therefore only needs to represent
a function that decays to zero at large r, which simplifies the
learning task. Furthermore, the source term Vgo Fy provides
an automatic scale for the solution magnitude, reducing the
ambiguity inherent in homogeneous eigenvalue problems.

The applicability of the PINN-ECS method is limited
to reactions where the relevant physics is confined to radii
smaller than the ECS scaling radius Ry. This includes elastic
scattering, inelastic excitation, and transfer reactions driven
by short-range nuclear interactions. However, processes dom-
inated by long-range electromagnetic transitions, such as
Coulomb excitation at sub-barrier energies where the ex-
citation probability depends on the wave function at large
impact parameters (r >> Ry), cannot be treated directly within
this framework because the ECS transformation modifies the
wave function precisely in the region where the electromag-
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netic coupling is strongest. For such processes, alternative
approaches such as semiclassical Coulomb excitation theory
[46] or explicit treatment of the long-range coupling before
applying ECS would be needed.

The computational cost of the PINN-ECS method is domi-
nated by the training iterations required for each partial wave.
On a modern GPU, each channel requires on the order of
a few minutes, so a complete calculation with 20—40 partial
waves takes roughly one to two hours of wall-clock time. This
is significantly longer than conventional integration methods
(which require seconds per partial wave) but is acceptable
for research applications where end-to-end differentiability or
mesh-free formulations are required. The training time could
be further reduced by using smaller networks for simple po-
tentials or by warm-starting from nearby energies [47,48].

VI. CONCLUSIONS

I have demonstrated that exterior complex scaling enables
physics-informed neural networks to solve nuclear reaction
problems. The key innovation is using ECS to transform
oscillatory scattering boundary conditions into exponentially
decaying waves that neural networks can represent naturally,
combined with a driven-equation formulation that confines
nuclear potentials to the real axis. The method has been val-
idated on nucleon-nucleus scattering (n + 40Ca at 20 MeV)
achieving phase shift accuracy of A§ < 0.1° for channels with
£ <4 and AS < 0.60° for all 20 spin-orbit channels (mean
|AS| = 0.09°), with wave function accuracies below 0.15%
for low-£ channels, and on heavy-ion scattering (°Li 4 2*Pb
at 40 MeV) where the mean |A|S]|| across all 41 partial
waves is 3.3 x 1072 and the Rutherford ratio reproduces the
COLOSS reference over three orders of magnitude, with de-
viations only at the 1073 level at backward angles where the
cross section is smallest.

Several technical innovations contribute to the reliability
of the method: the sigmoid-capped boundary-condition factor
prevents high-¢ pathologies by limiting the growth of the
angular momentum prefactor; the auto-adaptive anchor scale
keeps the residual and anchor losses comparable across all
partial waves, with a per-channel schedule selected automat-
ically based on the source magnitude (the static auto-anchor
for strongly sourced channels, switching to a linear warm-
down for weak-source channels where the anchor would
otherwise bias |Sy| below unity, including the absorption-
to-transparency transition of °Li+2%*Pb and the high-£ tail

of n+ %°Ca); and the two-stage training protocol (Adam
followed by L-BFGS) provides both robust initial conver-
gence and high final accuracy. The extraction of phase shifts
using automatic differentiation and multipoint S-matrix av-
eraging ensures that derivatives are computed accurately
without numerical finite-difference errors.

The PINN-ECS approach opens several directions for fu-
ture research, building on the broader trend of integrating
machine learning into nuclear physics [49]. The most imme-
diate application is inverse problems: fitting optical potential
parameters directly to experimental elastic-scattering data by
exploiting the end-to-end differentiability of the computa-
tional pipeline. Coupled-channels calculations for reactions
involving particle transfer or nuclear excitation [50-52] could
be addressed by representing multiple channel wave functions
with a multi-output network, avoiding the need to explicitly
construct coupled integro-differential equations. Extension to
few-body scattering problems [25,53-55], where the mesh-
free nature of neural networks may help mitigate the curse
of dimensionality faced by grid-based methods, represents a
longer-term goal.

More broadly, this work demonstrates that the combination
of physics-informed machine learning with analytic transfor-
mations such as complex scaling can extend the reach of
neural network methods to problems that appear intractable
within the standard PINN framework. The philosophy of
transforming a difficult problem into one that matches the in-
ductive biases of neural networks, namely, smooth, bounded,
decaying solutions, may prove fruitful in other areas of
computational physics where boundary conditions pose fun-
damental challenges.
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