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At the keV-scale energies of stellar nucleosynthesis, the resonant charged-particle reactions addressed by
the Trojan-horse method (THM) proceed through isolated near-threshold resonances, so the low-energy cross
section and the resonance strength carry the same information. The standard THM working formula is used there
as a fixed extraction prescription, without a controlled reduction from the inclusive nonelastic breakup parent
that would identify what it sets aside. I derive the sub-Coulomb resonant THM extraction directly from the
Ichimura-Austern-Vincent inclusive nonelastic breakup cross section. A diagonal isolated-pole spectral ansatz
for the absorptive participant-target potential, with four explicit validity conditions, reduces the inclusive cross
section in the isolated-resonance limit to a per-pole distorted-wave Born approximation cross section on the
resonance state, retaining full distortions and the postform interaction and weighted by the channel branching
ratio; this is the operational quantity for resonance-strength extraction. The same one-level total-width profile
follows independently from the postform transfer amplitude through the exact final states, so the extraction is
route independent; a three-layer width analysis fixes its absorptive strength as half the nonelastic decay width,
resolving the width and sign ambiguities of the literature. The standard factorized THM formula then follows
under three dynamical approximations, plane waves, on-shell binary amplitude, and remnant neglect, together
with a zero-range simplification of the projectile vertex, making explicit what it sets aside: the partial-wave
coherence and the postform remnant.
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I. INTRODUCTION

The Trojan-horse method (THM) is a principal indirect
method for accessing low-energy charged-particle reactions
at energies relevant to stellar nucleosynthesis, where the en-
trance channel is suppressed by the Coulomb barrier of the
binary subreaction [1–6]. The present work addresses its
resonant branch, in which the low-energy cross section is
dominated by isolated near-threshold resonances and the
quantity extracted is the resonance strength; the nonresonant
energy-dependence applications that the method also serves
are outside the present scope. For the keV-scale resonances
considered here the energy dependence of the cross section is
fixed by the resonance parameters [7]. The resonance strength
and that energy dependence therefore carry the same informa-
tion, and the resonance description is the theoretical content
of that energy dependence, not an alternative to it.

The method extracts the strength of a binary subreaction
A(x, c)B from a quasifree three-body breakup A(a, c b)B with
a = b + x, in which the Trojan-horse a delivers the partic-
ipant x to the target above the projectile Coulomb barrier
while the spectator b carries off the excess energy, so the
x + A subreaction occurs at sub-Coulomb relative energy. Its
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standard working formula is a plane-wave impulse approx-
imation (PWIA) reduction of an underlying transfer matrix
element [8–13], with both distorted waves replaced by plane
waves and the projectile structure entering through a Fourier
transform.

The PWIA reduction is performed at the quasifree (QF)
kinematic condition of THM measurements, a narrow cut
on the spectator-participant momentum pbx about zero, re-
constructed event by event from the detected spectator; the
explicit reconstruction and the distinction between this kine-
matic center and the computed cross-section maximum are
collected in Appendix A. The resulting factorized expres-
sion carries a half-off-energy-shell (HOES) binary amplitude
whose continuation to the on-shell cross section is a separate
step in the THM literature. The per-pole distorted-wave Born
approximation (DWBA) cross section is instead evaluated
with full entrance and exit distortions, so the quasifree factor-
ization onto the projectile momentum distribution is recovered
as the reduction rather than assumed.

The validity of the PWIA reduction at sub-Coulomb en-
ergies has been raised but not assessed in a controlled
framework. The earliest off-shell treatment in the THM con-
text is restricted to elastic two-body subreactions and s-wave
separable potentials [14]. A subsequent treatment extends the
off-shell binary amplitude through a generalized R-matrix
and surface-integral approach [15–17], applied to the 19F +p
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system itself in Ref. [18]. Neither treatment includes the
entrance and exit distortions of the three-body process or
the postform remnant of a non-Hermitian participant-target
interaction. Reference [19] labeled the inclusive-to-PWIA re-
duction as a chain of approximations awaiting assessment, and
the recent review [20] presents the Ichimura-Austern-Vincent
(IAV) inclusive cross section in closed form but does not
project it onto the narrow-resonance per-pole limit or docu-
ment the reduction chain to the factorized formula; that link
has not appeared in the published THM literature.

The quantitative stakes have grown sharply for the
19F(p, αγ ) 16O reaction [3,6,11,12,21–24], where a recent
THM measurement of the 11 keV resonance strength [13]
disagrees with the R-matrix evaluation by about a factor of six
in the partial decay strength. The R-matrix value propagates
JUNA direct and partner-channel data to the near-threshold
pole through a global fit [25–29], and the discrepancy carries
consequences for Population III calcium production [23,27].
This tension concentrates the validity question into a single
benchmark.

The two frameworks differ in kind. The THM working
formulas in standard use, plane-wave (PWIA), and modi-
fied distorted-wave Born approximation (MDWBA) alike, are
extraction prescriptions: a measured coincidence yield in, a
binary resonance strength out, the fixed reduction taken as
given, with no direct sub-Coulomb cross-section data to test
it. The IAV inclusive nonelastic breakup framework adopted
here is instead a predictive calculation, the reaction dynamics
in and the per-pole cross section out, comparable to measure-
ment and already tested above the Coulomb barrier [30–33].
The present work derives the extraction prescription as the
approximate reduction of this predictive cross section, making
the discarded content explicit and assessable.

The observable also differs in kind. The inclusive par-
ent is differential only in the spectator kinematics (�b, Eb)
and integrates the x + A decay angle, so it delivers the
angle-integrated resonance strength directly and removes the
off-shell angular continuation of the binary amplitude that
the factorized reduction must perform. The spectator angular
distribution it retains instead carries sensitivity to the reso-
nance spin-parity Jπ

n , at the cost of the binary decay angular
correlation.

The IAV framework gives the inclusive nonelastic
breakup cross section of a three-body breakup with a
complex participant-target optical potential as a Green’s-
function expectation value of its imaginary part [34–36],
and has since been developed with controlled post-prior
equivalence, an angular-momentum-basis extension, and
continuum-discretized wave functions [30,37–41]. Refer-
ence [38] derives a Breit-Wigner spectral decomposition,
a sum over narrow poles of the participant-target Green’s
function Gx(Ex ) = (Ex − Tx − Ux )−1 at Ex = En − iξ IAV

n in
the quasibound limit (the absorptive half-width, made pre-
cise in Sec. IV), each identified one to one with a
resonance state φn; in the narrow-resonance limit the in-
clusive cross section reduces to a Lorentzian-weighted
single-pole transfer matrix element at the resonance energy,
the natural starting point for sub-Coulomb resonant THM
extraction.

Existing numerical work stops short of the sub-Coulomb
narrow-pole benchmark. Reference [42] formulates the THM
cross section through a surface-integral off-shell decompo-
sition but in production evaluates only a spectator-weighted
zero-range DWBA ratio in which the off-shell structure can-
cels, so its conclusion on the sub-Coulomb S-factor rests
on the ratio rather than the full inclusive parent. The IAV-
revival groups [31,32,43,44] implement the IAV inclusive
formalism at intermediate and high energies, none targeting
a sub-Coulomb THM benchmark or the narrow-resonance
projection.

The present work builds the analytical framework con-
necting the parent IAV inclusive cross section to the THM
extraction at sub-Coulomb energies. A diagonal isolated-
pole spectral ansatz on the absorptive participant-target
potential carries four explicit validity conditions, each re-
ducible to a checkable estimate: two are closed dimensionless
bounds from R-matrix tabulations, one is a model-dependent
continuum-decoupling diagnostic, and one is a normalization
diagnostic on the pole basis. Under this ansatz the inclusive
cross section reduces, in the isolated-resonance limit, to a
single-pole Breit-Wigner contribution that recovers the THM
resonance-strength extraction with the partial-wave coherence
and postform remnant retained. A three-layer width analysis
combining Feshbach projection with R-matrix normalization
fixes the width relations and resolves the corresponding width
ambiguities of the literature. The framework is self-consistent
in the sense that a single absorptive operator Wx both defines
the inclusive yield and, in the sub-Coulomb limit, sets the
Lorentzian width of each pole, so the extraction formula is
derived from the parent cross section rather than postulated
alongside it. The same spectral form is then rederived directly
from the postform transfer amplitude, through the one-level
resonance profile of the exact participant-target final states,
with no reference to the inclusive closed form; the two routes
yield the same one-level total-width profile, so the per-pole
extraction is route independent.

The paper is organized as follows. Section II recapitu-
lates the IAV framework and its Breit-Wigner spectral form;
Sec. III introduces the diagonal isolated-pole spectral ansatz
and its validity conditions; Sec. IV derives the width relations
and channel projection; Sec. V rederives the spectral form
directly from the postform transfer amplitude. Section VI
establishes the isolated-resonance limit and the per-pole
extraction recipe; Sec. VII gives the postform remnant de-
composition and the reduction to the factorized PWIA-THM
formula; Sec. VIII summarizes.

II. IAV INCLUSIVE NONELASTIC BREAKUP AND ITS
BREIT-WIGNER SPECTRAL FORM

I consider the three-body process

a + A → b + (x + A)∗, a = b + x, (1)

an inclusive nonelastic breakup reaction in which the projec-
tile a = b + x separates into a detected spectator b and an
unobserved residual system B∗ ≡ (x + A)∗ that denotes any
(bound, resonant, or continuum) nonelastic final state of the
x + A composite. The participant x undergoes a nonelastic
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interaction with the target A, and only the spectator b is ob-
served. The projectile is incident at an energy above the a + A
Coulomb barrier, and this above-barrier entrance is the only
kinematic requirement of the present framework. The subsys-
tem relative energy Ex is then fixed by energy conservation
from the detected spectator kinematics (�b, Eb). The spectator
energies that map to small Ex reach the sub-Coulomb, even
subthreshold, region of the x + A subsystem, and because the
participant x is delivered to the target by the above-barrier
projectile rather than tunneling into the x + A channel, that
region is reached without the entrance Gamow suppression
of a direct measurement. The quasifree condition pbx ≈0 is
not imposed in the general per-pole description of this Trojan-
horse mechanism; it reenters when the same description is
reduced to the standard PWIA-THM extraction in Sec. VII.
The inclusive nonelastic breakup cross section, summed over
all final states of the x + A subsystem except the elastic
x + A channel, was derived in Ref. [34] in postform and
reads

d2σNEB

d�b dEb
= − 2

h̄va
ρb(Eb) 〈ψx(kb)|Wx |ψx(kb)〉, (2)

where va = h̄ka/μa is the projectile velocity in the entrance
channel with relative momentum ka and reduced mass μa,
ρb(Eb) = μbkb/[(2π )3h̄2] is the spectator phase-space density
at spectator relative momentum kb and reduced mass μb in
the exit channel, Wx = Im Ux is the imaginary part of the
complex participant-target optical potential Ux = V R

x + iWx,
and ψx(kb, rx ) is the participant wave function defined as
the solution of an inhomogeneous Schrödinger equation with
Ux and outgoing-wave boundary conditions, with the source
set by the postform interaction [30,34,38]. The asymptotic
outgoing-wave amplitude of ψx in the x + A elastic channel
carries the elastic-breakup (EBU) content of the three-body
process, in which A remains in its ground state, while the ma-
trix element 〈ψx(kb)|Wx|ψx(kb)〉 projects out the flux removed
from this elastic channel into the nonelastic decay channels, so
that Eq. (2) counts only the nonelastic breakup yield. I adopt
the postform throughout; Eq. (2) is the canonical postform
inclusive cross section and the starting point of the present
analysis. It is exact within the effective three-body model at
the DWBA-level source, that is, within the participant-target
optical potential Ux, the entrance and exit distorted waves,
and the projectile bound state. Those inputs are evaluated
at well-separated kinematics where smooth parametrizations
are standard, so the only genuinely sub-Coulomb-specific
assumption is the structure of Wx on the resonance scale,
addressed below. The matrix element 〈ψx|Wx|ψx〉 carries the
entire x + A dynamical content; it is what all subsequent ap-
proximations act on.

In the narrow-resonance regime the spectral structure of
the participant-target propagator is dominated by a discrete
set of isolated resonance states {φn} in the energy window. The
symbol φn is used throughout for the single-particle resonance
form factor in the standard Lane-Thomas R-matrix interior
convention [4,7]: the interior eigenfunction of Tx + V R

x sat-
isfying (Tx + V R

x )φn = Enφn on the region r � a with the
Bloch boundary operator imposed at r = a, where V R

x is a
real participant-target potential adjusted so that the eigenvalue

equals the experimental resonance energy En, and ul (r) =
rφn(r) is normalized to unit probability over r � a. This
unit normalization is the single-particle (C2S = 1) conven-
tion adopted throughout the main development; the general
spectroscopic-factor rescaling φn =

√
C2S φ̂n is reinstated in

Sec. VI where the formation cross section is built. I adopt
the observed-parameter convention: the Bloch boundary con-
dition is fixed pole by pole so that the real R-matrix level shift
vanishes at the resonance energy, and the tabulated observed
widths and level energies are used directly as inputs. The
residue factor relating formal to observed parameters, and the
explicit diagnostic that keeps it close to unity, are given in
Sec. V and Appendix B.

The form factors {φn} are therefore not L2 eigenstates of the
full participant-target Hamiltonian above the x + A threshold,
and they are not mutually orthogonal in the L2 sense across
the channel surface; they are interior-normalized form factors
on which the per-pole DWBA transfer matrix element acts.
Beyond r = a, φn is continued by its asymptotic Coulomb
tail, matched at r = a to the surface amplitude ul (a), through
which the standard R-matrix relation (8) fixes the partial
widths.

Inserting the spectral expansion of the participant-target
propagator on the pole set {φn} into Eq. (2) and reorganiz-
ing, Lei and Moro [38] derived the spectral form rigorously
for constant Wx in the quasibound limit, the pole displaced
by the absorption alone; the same step extends to diag-
onal Wx on the pole basis, with perturbative corrections
from the off-diagonal couplings, and keeping the elastic
escape in the pole displacement (Appendix C) refines the
denominator to the total half-width. The diagonality is pro-
moted to a controlled ansatz in Sec. III. The spectral form
reads

d2σNEB

d�b dEb
=

∑
n

ωn(Ex )
dσ DWBA

n

d�b
, (3)

where Ex is the participant-target subsystem energy recon-
structed from the measured spectator energy Eb, and the
spectral weight ωn(Ex ) is the Lorentzian profile

ωn(Ex ) = ξ IAV
n

/
π

(Ex − En)2 + (
�tot

n

/
2
)2 , (4)

peaked at Ex = En with full width at half-maximum �tot
n and

absorptive numerator ξ IAV
n , both made precise in Sec. IV.

The quasibound form of Ref. [38], with ξ IAV
n alone in the

denominator, is recovered from Eq. (4) in the sub-Coulomb
limit �n

x → 0; the same total-width profile is rederived inde-
pendently from the full participant-target final states in Sec. V.
The pole transfer cross section appearing in Eq. (3) is built
from the standard distorted-wave Born approximation transfer
matrix element evaluated on the resonance state φn,

dσ DWBA
n

d�b
= 2π ρb

h̄va

∣∣MDWBA
n

∣∣2
,

MDWBA
n ≡ 〈φn χ

(−)
b |Vpost | χ (+)

a φa〉, (5)

in which χ (+)
a (ka, ra) is the entrance distorted wave gener-

ated by the projectile-target optical potential, χ
(−)
b (kb, rb) is
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the exit distorted wave generated by the spectator-residual
optical potential, φa is the projectile internal wave func-
tion in the bound configuration a = b + x, and Vpost = Vbx +
(UbA − UbB) is the postform interaction (here Vbx is the
spectator-participant interaction inside the projectile, UbA is
the spectator-target optical potential, and UbB is the spectator-
residual optical potential). The matrix element MDWBA

n of
Eq. (5) is a volume integral. Its participant-target radial
integral, over which the resonance form factor φn carries
the asymptotic tail of the x + A subsystem, is evaluated by
the Vincent-Fortune complex-contour method [45,46], which
defines MDWBA

n unambiguously with no auxiliary surface
construction. For the En > 0 resonances the external φn is
the outgoing Coulomb function H+

l (ηn, knrx ) at real wave
number kn, the width entering only through the Lorentzian
denominator of Eq. (4) and not as a complex wave num-
ber in φn; the contour is taken in the damping sector of
the asymptotic Coulomb product. All per-pole DWBA cross
sections in this paper are summed over the final magnetic
substates and averaged over the (2 ja + 1)(2 jA + 1) initial
substates set by the projectile and target ground-state spins
ja and jA; the explicit spin-projection structure is sup-
pressed in Eq. (5) and reinstated in Eq. (19). The properties
of Vpost, and why the prior form is not under controlled
approximation at sub-Coulomb energies, are taken up in
Sec. VII.

A resonance n can decay through several open channels,
including elastic x + A reemission with participant-channel
partial width �n

x , and the nonelastic decay channels (e.g.,
α and γ for the 19F +p resonances) with partial widths �n

c
for c 	= x, and total width �tot

n = �n
x + �non-el

n where �non-el
n =∑

c 	=x �n
c . The absorptive operator Wx removes flux from

the elastic channel into the nonelastic decay channels of
the resonance; the absorptive strength ξ IAV

n in the numera-
tor of Eq. (4) is therefore the diagonal matrix element of
Wx on φn, ξ IAV

n = |〈φn|Wx|φn〉|. Its further identification with
the sum of nonelastic partial widths, ξ IAV

n = �non-el
n /2, is the

Lane-Thomas R-matrix result derived below. Equation (5)
makes this separation explicit at the amplitude level: the
common breakup source 〈χ (−)

b |Vpost|χ (+)
a φa〉 projected onto

the x + A elastic scattering state gives the elastic-breakup
amplitude, while its projection onto φn is the nonelastic coun-
terpart counted by 〈ψx|Wx|ψx〉. The form factor φn is thus
the resonance pole through which the reaction proceeds, and
�n

x stays on the elastic-breakup side, absent from Wx and
from ξ IAV

n .
Equations (3)–(5) identify, per resonance, the dynamical

content of the inclusive cross section: a Lorentzian profile
set by the participant-target propagator alone, and a coherent
partial-wave transfer matrix element set by the entrance and
exit distortions and by the resonance state φn. By partial-wave
coherence I mean that MDWBA

n is a phase-coherent sum over
the orbital angular momenta that link the entrance and exit
distorted waves to the (l, j) components of the resonance
form factor φn, with the relative phases of the terms retained;
the factorized reduction of Sec. VII collapses this coher-
ent three-body coupling structure onto a single plane-wave,
on-shell term, whereas the per-pole amplitude keeps it in
full.

III. DIAGONAL ISOLATED-POLE SPECTRAL ANSATZ
OF THE ABSORPTIVE OPTICAL POTENTIAL

The spectral form (3) is exact only when the absorp-
tive participant-target potential acts diagonally on the chosen
resonance-state pole basis and is decoupled from the gen-
uine continuum of the participant-target subsystem. In the
sub-Coulomb astrophysical regime the absorptive potential is
not smooth on the resonance scale: it is dominated by sparse
narrow resonances of the participant-target subsystem rather
than by the smooth megaelectronvolt-scale optical average
that justifies smooth-Wx optical models at higher energies.
I therefore introduce the spectral form as an explicit ansatz
with four validity conditions that I make testable rather than
assume.

The ansatz is the diagonal isolated-pole representation of
the absorptive kernel restricted to the pole subspace,

Wx 

∑

n

|φn〉Wn 〈φn|, (6)

in which {φn} is the set of isolated resonance states of the
participant-target subsystem in the energy window and Wn =
〈φn|Wx|φn〉 is the diagonal absorptive matrix element on the
corresponding pole form factor. The matrix element Wn en-
codes the absorption of the resonance state into the nonelastic
decay channels, that is, into the complement of the elastic
x + A channel that Wx removes flux from. Its identification
with the nonelastic decay-width sum �non-el

n /2, the quantity
that sets the absorptive numerator of the inclusive yield, is
established in Sec. IV through a three-layer width analysis.

Equation (6) is therefore not a global spectral representa-
tion of the optical potential at all energies but the diagonal
pole truncation of Wx within the resonance subspace spanned
by {|φn〉} in the narrow energy interval where the isolated
resonances dominate (the rank-N pole projection); the off-
diagonal and form-factor nonorthogonality corrections are
bounded in Appendix B. The ansatz is controlled to the stated
accuracy when the following four conditions hold.

Condition 1: Diagonality of Wx on the pole basis. The
off-diagonal matrix elements Wnm = 〈φn|Wx|φm〉 for n 	= m
vanish in the exact isolated-pole limit; the controlled practical
requirement is |Wnm|/|En − Em| � 1.

Condition 2: Continuum decoupling. In addition to the
resonance states {φn}, the participant-target subsystem has
a smooth, nonresonant continuum of x + A scattering states
{φE } that fills the energy gaps between the resonances. Condi-
tion 2 asserts that all matrix elements of Wx that touch a φE on
either side, 〈φn|Wx|φE 〉 or 〈φE |Wx|φE ′ 〉, are negligible against
the diagonal pole elements Wn = 〈φn|Wx|φn〉. Physically, the
absorption flows entirely through the discrete resonances, so
the pole expansion (6) misses no absorptive strength.

Condition 3: Pole isolation. Each resonance n has a total
half-width �tot

n /2, equal at sub-Coulomb energies to the ab-
sorptive ξ IAV

n = |Wn| (Sec. IV), small against the spacing to
the nearest neighbor.

Condition 4: Normalization of the pole basis. The
interior-normalized form factors carry unit pole residues and
negligible mutual overlaps, Zn 
 1 and maxn 	=m |Snm| � 1
[Eq. (B3)], with Zn the formal-to-observed residue defined in
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Sec. V; the working formulas of Secs. IV–VII hold to relative
accuracy O(1 − Zn) and O(max |Snm|).

Conditions 1 and 3 are governed by two related but dis-
tinct dimensionless ratios, the Cauchy-Schwarz off-diagonal
bound

√
ξ IAV

n ξ IAV
m /|En − Em| of Eq. (B2) and the isolation

ratio (�tot
n /2)/|En − Em|; both close from experimental par-

tial widths and level energies alone. Condition 2 is instead
a model-dependent diagnostic, the continuum-to-resonance
reaction-cross-section ratio εcont, which must be assessed
within a specified continuum model rather than asserted from
Coulomb penetration, since the entrance penetrability cancels
in the ratio. Condition 4 is likewise not controlled by the
width-to-spacing ratio, since �n

c = 2Pcγ
2
nc can be penetration

suppressed while γ 2
nc|S′

c| is not, and closes from tabulated
reduced widths and Coulomb shift functions. The supporting
bounds [Eqs. (B1), (B2), (B3), and (B4)] are derived in Ap-
pendix B.

When the four conditions hold to their stated accuracy,
the diagonal action of Wx on the pole basis {|φn〉} converts
the matrix element 〈ψx(kb)|Wx|ψx(kb)〉 in Eq. (2) into the
spectral sum (3) with the Lorentzian profile (4). The spectral
form is therefore a narrow-resonance approximation, with the
condition-2 model dependence absorbed into the systematic
uncertainty of the ansatz. Its narrow-resonance limit, in which
ωn collapses to the branching-weighted delta of Sec. VI, re-
covers the THM extraction and is the focus of the present
analysis. For light-nucleus narrow-resonance reactions of as-
trophysical interest the widths and level energies needed for
the condition-1 and condition-3 ratios are supplied directly by
comprehensive R-matrix evaluations [3,6,23].

IV. WIDTH RELATIONS, INTEGRATED-POLE-AREA,
AND CHANNEL PROJECTION

The literature on indirect methods for narrow-resonance
extraction suffers from three recurring ambiguities: between
the half-width �/2 and the full width � at half-maximum,
between sign conventions for the imaginary part of the optical
potential, and between the absorptive half-width ξ IAV

n and the
experimental partial decay widths. The third is the substantive
one: ξ IAV

n is defined through Eqs. (3)–(4), whereas �n
x and

�n
c govern the branching of the resonance into its participant

channel and nonelastic decay channels. I make these corre-
spondences explicit before deriving any quantitative result.

The convention adopted throughout is that the imaginary
part of the absorptive optical potential is nonpositive, Wx � 0,
so that the operator −Wx is positive semidefinite and absorbs
flux from the elastic channel. The diagonal matrix element
〈φn|Wx|φn〉 ≡ Wn is therefore nonpositive, and I define the
absorptive half-width as the positive quantity ξ IAV

n ≡ |Wn| =
−Wn > 0; the partial widths �n

x , �n
c and the total width �tot

n
follow the uppercase full-width-at-half-maximum (FWHM) �

convention. The original derivation of Ref. [38] worked with
the signed Wn directly; the correspondence between the two
conventions is the single substitution Wn = −ξ IAV

n .
In the narrow-resonance limit, the absorptive half-width

is one-half the nonelastic partial-width sum, which coincides
with one-half the experimental total decay width at sub-

Coulomb energies where �n
x � �non-el

n ,

ξ IAV
n = 1

2
�non-el

n = 1

2

∑
c 	=x

�n
c 
 1

2
�tot

n , (7)

in which �tot
n = �n

x + �non-el
n is the experimental total decay

width of the resonance n (for the 19F +p application, x = p
and the nonelastic channels are α and γ ). The strict iden-
tity of Eq. (7) is to the nonelastic sum alone, since �n

x is
the elastic reemission carried by the elastic-breakup branch
and therefore absent from the absorptive Wx; the approximate
equality to 1

2�tot
n holds because �n

x is Coulomb-suppressed
at sub-Coulomb energies for charged x, with residual rel-
ative correction �n

x /�
tot
n . �n

x reenters the formalism as the
formation coupling of the resonance strength [Eq. (18), Layer
C below], not as part of ξ IAV

n ; the loose phrasing “Wx ab-
sorbs into all open channels” conflates the two roles [4,38].
Equation (7) is established by a three-layer width analysis
combining Feshbach projection with R-matrix normalization.
Layer A places the pole of the IAV Green’s function Gx =
(Ex − Tx − Ux )−1 on φn at Ex = En − i�tot

n /2, the sum of
the elastic escape half-width and the absorptive displacement
ξ IAV

n = |〈φn|Wx|φn〉|. Layer B identifies the same matrix ele-
ment, through the imaginary part of the Lane-Thomas level
matrix, with the nonelastic partial-width sum �non-el

n /2. Layer
C fixes the overall normalization of φn entering the per-pole
amplitude of Eq. (5) through the participant-channel entrance
reduced width γ 2

x . Layers A and B are derived in Appendix C.
A residual elastic-channel correction of order �n

x /�
tot
n arises

only if the quasibound substitution ξ IAV
n 
 �tot

n /2 is used in
place of the full profile: negligible at the 11 keV resonance, at
the percent level at the higher reference resonances, where any
use of the substitution must be propagated in the systematic
budget (Appendix C). Layer C carries the only dynamical
content beyond the widths and is given here.

Layer C: Formation amplitude through the entrance re-
duced width. The per-pole DWBA amplitude of Eq. (5)
is linear in the overall normalization of φn, controlled by
the entrance reduced width γ 2

x , the third distinct width of
the formalism, not by the absorptive matrix element of Wx.
For a single participant-channel single-particle configuration
(C2S = 1) with φn the interior eigenfunction at the experimen-
tal En, the surface amplitude ul (a) is fixed by the standard
Lane-Thomas single-particle reduced-width relation

� sp
x = 2 Pl (En, a) γ 2

x , γ 2
x = h̄2

2μxA a
|ul (a)|2, (8)

with Pl (En, a) the standard R-matrix penetration factor at
orbital angular momentum l [4,7], a the participant-channel
radius, μxA the participant-target reduced mass, and ul (r) =
r φn(r) the unit-normalized interior form factor. The observed
partial width is �n

x = C2S �
sp
x : the single-particle potential

model does not by itself reproduce the tabulated width, and
C2S carries the mismatch. The first pass sets C2S = 1, the
convention of the analysis of Ref. [13], so that the unit-
probability normalization of ul fixes both γ 2

x and the overall
normalization of φn entering Eq. (5); the extraction of Sec. VI
is independent of this choice, since C2S cancels in the ker-
nel κn [Eq. (19)]. The per-pole cross section therefore scales
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as |MDWBA
n |2 ∝ γ 2

x ∝ �n
x at fixed En [Eq. (8)], modulo the

distorted-wave matching of χ (+)
a , χ

(−)
b to φn. The formation

amplitude is thus controlled by �n
x , not by the absorptive

strength ξ IAV
n , which sets the nonelastic numerator and already

aggregates the nonelastic channels [Eqs. (7), (C2)]; conflat-
ing the two would double count. This proportionality holds
only in the single-particle limit; beyond it φn carries coherent
partial-wave admixture that γ 2

x alone does not encode but the
per-pole amplitude retains in full [39].

The Lorentzian profile (4) integrates over the full real-
energy axis to the nonelastic branching fraction,∫ +∞

−∞
dEx ωn(Ex ) = �non-el

n

�tot
n


 1, (9)

the last approximation in the sub-Coulomb regime. The
energy-integrated formulation makes the resonance-strength
extraction independent of the half-width versus full-width
convention. In an actual measurement the spectator gate,
threshold cuts, and finite resolution restrict the integration
to a finite window and convolve it with an instrumental re-
sponse, an experimental-side modification outside the present
scope [4,20].

The experimental observable in a typical resonant THM
application is the exclusive channel-gated yield of a specific
decay channel c of the participant-target subsystem. The pro-
jection from the inclusive nonelastic breakup of Eq. (3) onto
this exclusive channel follows the formation-decay separation
of an isolated resonance. With σ form

n the per-pole DWBA cross
section of Eq. (5) integrated over the spectator angle �b, the
energy integral (9) retains the fraction of the formed reso-
nance that decays nonelastically, σ NEB

n = (�non-el
n /�tot

n ) σ form
n ,

and the channel gate selects �n
c /�

non-el
n of that, composing to

σ excl,c
n = �n

c

�non-el
n

σ NEB
n = �n

c

�tot
n

σ form
n ≡ bn

c σ form
n , (10)

with the standard formation-decay branching ratio bn
c =

�n
c /�

tot
n defined relative to the experimental total width. In the

sub-Coulomb regime where �non-el
n 
 �tot

n , the intermediate
factor collapses to unity and the experimentally familiar form
σ excl,c

n 
 bn
c σ NEB

n is recovered. The factorization (10), taken in
the energy-integrated sense, is exact within the scalar isolated-
pole branching approximation; corrections enter through the
off-diagonal absorptive couplings Wnm and through level in-
terference, and are of the same order as the Cauchy-Schwarz
bound (B1) on Wnm.

V. DIRECT DERIVATION OF THE SPECTRAL FORM
FROM THE POSTFORM TRANSFER AMPLITUDE

The spectral form (3) was reached above by expanding
the participant-target propagator inside the inclusive closed
form (2). The same per-pole structure follows from a gen-
eral postform DWBA expression alone, with no reference to
Eq. (2) or to the absorptive operator Wx, by singling out the
resonance profile of the exact participant-target final states.
This section gives that derivation; the width correspondence
of Sec. IV is invoked afterwards only to compare the two
results, not within the derivation itself. The two routes give

the same one-level total-width profile: the spectral form is the
narrow-resonance structure of the postform transfer amplitude
itself, not an artifact of either construction.

Consider the breakup gated on one nonelastic decay
channel c of the participant-target subsystem. The postform
DWBA amplitude for populating the channel-c scattering
state �

(−)
c,Ex

of the full participant-target Hamiltonian at sub-

system energy Ex is 〈� (−)
c,Ex

χ
(−)
b |Vpost|χ (+)

a φa〉, built from the

same entrance and exit distorted waves χ (+)
a , χ

(−)
b , projectile

bound state φa, and postform interaction Vpost as Eq. (5),
with �

(−)
c,Ex

normalized per unit energy. The channel-gated
double-differential cross section, summed over the unob-
served quantum numbers of channel c, reads

d2σ excl,c

d�b dEb
= 2πρb

h̄va

∣∣〈� (−)
c,Ex

χ
(−)
b |Vpost|χ (+)

a φa
〉∣∣2

, (11)

with Ex fixed by the detected spectator kinematics as through-
out.

Near an isolated narrow resonance the channel-c scat-
tering state admits the one-level decomposition of R-matrix
theory [4,7], in the same observed-parameter convention as
Sec. II, valid over the full volume: �

(−)
c,Ex

= Ac,n(Ex ) φ̃n + �bg,
where φ̃n is the resonance state, the interior eigenfunction
continued at r = a by its matched Coulomb tail, Ac,n is the
energy-dependent level amplitude, and �bg is the smooth
nonresonant background, neglected here. The amplitude then
factorizes as〈

�
(−)
c,Ex

χ
(−)
b |Vpost|χ (+)

a φa
〉 
 〈

�
(−)
c,Ex

|φn
〉
a MDWBA

n , (12)

with MDWBA
n the full-volume per-pole matrix element of

Eq. (5), evaluated by the same Vincent-Fortune contour, and
〈� (−)

c,Ex
|φn〉a = A∗

c,n(Ex ) its coefficient. The subscript denotes
the R-matrix internal product over r � a, taken in the x + A
channel component of �

(−)
c,Ex

; it measures the level amplitude
because φ̃n restricted to r � a is the unit-normalized φn (φn

is not an L2 state, so an unrestricted overlap would not con-
verge). No localization of the transfer source is invoked: the
factorization rests on the one-level dominance of �

(−)
c,Ex

, not
on confinement of the source to the interior. The projection
amplitude carries the entire resonant energy dependence and
obeys the standard one-level spectral-strength profile

∣∣〈φn|� (−)
c,Ex

〉a

∣∣2 = �n
c

/
2π

(Ex − En)2 + (
�tot

n

/
2
)2 , (13)

whose energy integral is the branching ratio �n
c /�

tot
n = bn

c of
Eq. (10) and whose sum over all open channels integrates to
unity: the unit spectral strength of the quasistationary state
φn is distributed over its open decay channels in proportion
to the partial widths [7]. The channel projection of Sec. IV
is thus reproduced here without a separate formation-decay
argument.

The unit total strength asserted in Eq. (13) is the residue
of the one-level pole on the interior-normalized φn, and
it is unity only in the observed-parameter convention. For
a formal R-matrix level the residue is instead Zn ≡ (1 +∑

c γ 2
nc S′

c(En))
−1

, dimensionless because the reduced widths
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γ 2
nc carry energy and the shift-function derivatives S′

c its in-
verse; this is the standard factor converting formal to observed
parameters [4,7]. The γ 2

nc entering Zn are the formal reduced
widths; evaluating them from the tabulated observed widths
through �n

c = 2Pcγ
2
nc is itself accurate to the same order

1 − Zn that the diagnostic monitors, so the diagnostic is self-
consistent at its own accuracy. Adopting observed parameters
throughout, as fixed in Sec. II, refers Eq. (13) and the surface
relation (8) to one and the same normalization of φn, neglect-
ing corrections of order 1 − Zn. The proximity of Zn to unity
is an explicit diagnostic, not a consequence of narrowness:
�n

c = 2Pcγ
2
nc can be small through the penetrability alone

while γ 2
nc|S′

c| remains finite, this requirement is condition 4 of
Sec. III, closed from tabulated reduced widths and Coulomb
shift functions in Appendix B. Inserting Eqs. (12) and (13)
into Eq. (11) and summing over the nonelastic channels c 	= x
and over the isolated poles of the window gives

d2σNEB

d�b dEb
=

∑
n

ω̃n(Ex )
dσ DWBA

n

d�b
,

ω̃n(Ex ) = �non-el
n

/
2π

(Ex − En)2 + (
�tot

n

/
2
)2 . (14)

Equation (14) coincides with the spectral form (3)–(4): the
numerators identically, �non-el

n /2π = ξ IAV
n /π by Eq. (7), and

the denominators through the same total half-width, which
the absorptive route acquires from the elastic escape in the
pole displacement (Appendix C). The ratio �n

x /�
tot
n does not

separate the two routes; it measures only the quasibound
approximation of Ref. [38], in which the escape is dropped
from the denominator: ≈2 × 10−31 at the 11 keV resonance
of 19F +p, and at the percent level at the higher reference
resonances (Appendix C).

The assumptions consumed by the direct route are two:
one-level dominance of the scattering state, and neglect of the
smooth nonresonant background. These parallel the validity
conditions of Sec. III: pole isolation (condition 3) substanti-
ates the one-level step and continuum decoupling (condition
2) the background neglect; condition 1, the diagonality of Wx,
is specific to the absorptive representation and has no counter-
part here. The per-pole extraction formula of Sec. VI therefore
does not rest on the inclusive closed form (2): whatever
reservations one may hold about an absorptive optical-model
representation at sub-Coulomb energies, the same extraction
quantity emerges from the exact final states directly. The in-
clusive parent remains the natural starting point, fixing what
the spectral sum excludes, the elastic-breakup branch; the
absorptive route in addition supplies, through Eq. (7), the
operational reading of the absorptive strength from tabulated
partial widths.

VI. ISOLATED-RESONANCE LIMIT, THE PER-POLE
EXTRACTION FORMULA, AND OUTLOOK ON THE

OVERLAPPING-RESONANCE REGIME

The Lorentzian spectral form (3)–(4) admits two regime
limits that are distinguished by the ratio (�tot

n /2)/|En − Em| of
the total half-width to the nearest-neighbor level spacing. The

isolated-resonance limit, �tot
n /2 � |En − Em|, is the regime

relevant to sub-Coulomb THM extraction and is the focus
of this section; the overlapping-resonance regime, �tot

n /2 �
|En − Em|, lies outside the scope of the diagonal isolated-pole
ansatz and is discussed at the end of the section as outlook.

In the isolated-resonance limit, taken for the nearest neigh-
bor of any spin and parity, the Lorentzian profile (4) of
vanishing width collapses in the distributional sense to a Dirac
delta on the resonance energy weighted by the nonelastic
branching,

ωn(Ex ) −−−→
�tot

n →0

�non-el
n

�tot
n

δ(Ex − En), (15)

which combined with the channel gate �n
c /�

non-el
n reproduces

the composition of Eq. (10) exactly. Operationally, inte-
grated against any test function smooth on the level-spacing
scale over a window �tot

n /2 � �E � |En − Em|, the spectral
weight acts as

∫
�E dEx ωn(Ex ) F (Ex ) 
 (�non-el

n /�tot
n ) F (En).

The spectral sum (3) then becomes a sum over single-pole
transfer matrix elements evaluated at Ex = En.

Combining the isolated-resonance limit (15) and the chan-
nel projection (10), the per-pole exclusive spectator yield in
the spectator window takes the form

d2σ excl,c
n

d�b dEb
= bn

c

dσ DWBA
n

d�b
δ(Ex − En), (16)

in which dσ DWBA
n /d�b of Eq. (5) is evaluated on φn with full

entrance and exit distortions and the postform interaction, and
bn

c projects the inclusive yield onto the gated decay channel
c; the accuracy of the delta collapse (15) is controlled by
conditions 1–3, its overall normalization by condition 4.

The quantity an actual extraction evaluates is not the delta-
valued density of Eq. (16) itself but its energy integral over
the spectator window. Integrating over the detected spectator
energy Eb across the resonance, and writing δ(Ex − En) =
δ(Eb − E∗

b ) |dEx/dEb|−1 with E∗
b the spectator energy that re-

constructs Ex = En by energy conservation from the detected
spectator kinematics, collapses the delta and leaves a finite
single-differential cross section,

dσ excl,c
n

d�b
=

∫
�E

dEb
d2σ excl,c

n

d�b dEb
= bn

c

dσ DWBA
n

d�b

∣∣∣∣dEx

dEb

∣∣∣∣−1

E∗
b

. (17)

The integration is over the spectator energy Eb (equivalently
the relative energy Ex); the level energy En is fixed and is not
integrated. In the relative variables of the main text the Ja-
cobian is not an approximation: energy conservation fixes Ex

linearly by Eb at fixed spectator angle, so |dEx/dEb| = 1 iden-
tically, and the factor is kept in Eq. (17) only to mark where
the laboratory-frame Jacobian of Appendix A enters when the
yield is compared with detected spectator energies. The finite
single-differential cross section on the left of Eq. (17) is the
quantity the method delivers; the delta in Eq. (16) only fixes its
energy location at Ex = En, equivalently the spectator energy
E∗

b at which dσ DWBA
n /d�b is evaluated.
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The astrophysical resonance strength of a decay channel c
is defined, following the conventions of Refs. [3,4,6], as

(ωγ )c
n ≡ 2Jn + 1

(2 jx + 1)(2 jA + 1)

�n
x �n

c

�tot
n

, (18)

with Jn the total angular momentum of the resonance n in
the compound x + A system (uppercase) and jx, jA the par-
ticipant and target ground-state spins (lowercase, on the same
convention as the entrance-channel spins ja, jA). The statis-
tical factor (2Jn + 1)/[(2 jx + 1)(2 jA + 1)] is the spin weight
for forming this resonance in the binary x + A → n subreac-
tion. The compound symbol ωγ is the standard astrophysical
resonance-strength notation, not a product of the spectral
Lorentzian ωn(Ex ) of Eq. (4) with a width γ . The differential
cross section of Eq. (17) integrates over the spectator angle to
the channel yield σ excl,c

n = bn
c σ form

n of Eq. (10), and this yield
connects to the strength of Eq. (18) through the formation
cross section.

In the single-particle first-pass the per-pole DWBA cross
section is linear in �n

x through the form-factor normaliza-
tion established in Layer C [Eq. (8)], so the angle-integrated
formation cross section is σ form

n = κn �n
x , with κn the per-

pole DWBA formation cross section per unit participant
width. Writing φn =

√
C2S φ̂n with φ̂n the unit-normalized

single-particle form factor (
∫ a

0 |ûl |2 dr = 1, ûl = rφ̂n), so that
the observed partial width is �n

x = C2S �
sp
x with �

sp
x the

single-particle width of Eq. (8) built on φ̂n, and M̂n =
〈φ̂n χ

(−)
b |Vpost|χ (+)

a φa〉 the matrix element built on it, the ker-
nel is explicitly

κn = 1

�
sp
x

2πρb

h̄va

∫
d�b |M̂n(�b)|2, (19)

where the overbar denotes the average over the (2 ja +
1)(2 jA + 1) entrance substates and the sum over the final sub-
states. The matrix element M̂n and the single-particle width
�

sp
x are built from the same φ̂n, so the C2S normalization

cancels in the ratio and κn carries only the distorted-wave
matching, the spectator phase space, and the entrance-channel
spin average, independent of the overall form-factor normal-
ization. Inserting σ form

n = κn �n
x into the branching relation

gives

σ excl,c
n = κn

�n
x �n

c

�tot
n

= κn
(2 jx + 1)(2 jA + 1)

2Jn + 1
(ωγ )c

n. (20)

Equation (20) is the explicit bridge between the three-body
reaction the method runs and the binary reaction it constrains:
the left side is the three-body channel yield the IAV-DWBA
computation delivers, the right side the binary x + A strength
built from widths and spins alone, and κn carries the entire
three-body content. The two spin averages do not cancel: κn

averages over the projectile entrance channel a + A, weight
(2 ja + 1)(2 jA + 1), whereas (ωγ )c

n carries the participant for-
mation weight (2 jx + 1)(2 jA + 1), and ja 	= jx in general.
Equation (20) runs in three modes. Directly, a single reso-
nance suffices: an absolutely normalized yield divided by the
computed κn and the spin factor returns (ωγ )c

n, with no ref-
erence resonance. Relative to a reference resonance of known
strength, factors common to the levels, such as the absolute

detection efficiency, cancel, and only (2Jn + 1) and κn vary;
this is the standard THM procedure used by the measurement
motivating this work [13], and it remains preferable whenever
the absolute scale is the dominant systematic. The direct mode
is an alternative extraction permitted by Eq. (20); it does not
alter the role of reference normalization in the standard THM
procedure. In forward-consistency mode all widths are fixed
from tabulations and the predicted yield tests the framework
instead of extracting anything. Equations (17)–(20), evaluated
with the width inputs of Sec. IV, constitute the computational
recipe of the per-pole extraction, valid to the relative accuracy
O(1 − Zn) and O(max |Snm|) of condition 4.

In the complementary regime �tot
n /2 � |En − Em|, relevant

to compound-nucleus reactions at higher level density, the
diagonal ansatz (6) no longer holds and the spectral sum
cannot be evaluated pole by pole. Under energy averaging,
random off-diagonal phases, and a local-density approxima-
tion it would instead reorganize into the Hauser-Feshbach
surrogate-method form [47,48]; its controlled derivation is left
to future work.

VII. CONTROLLED POSTFORM SOURCE
AND REDUCTION TO THE FACTORIZED

PWIA-THM FORMULA

I now turn to the postform structure of the per-pole
amplitude and its reduction to the factorized PWIA-THM
expression. The transfer matrix element of Eq. (5) is the
starting point of the second reduction in Fig. 1, which lists the
reduction steps to the factorized expression; the prior form is
uncontrolled at sub-Coulomb energies in its standard smooth-
potential version, for the two independent reasons developed
below. The channel branching ratio bn

c and the Lorentzian
denominator are identical in the per-pole amplitude and in this
reduction, so they cancel in the operational comparison, and
the entire difference between (ωγ )DWBA

n and (ωγ )PWIA-THM
n ,

the strength of Eq. (18) evaluated through the two forms, is
carried by the steps below, of which (i), (iii), and (iv) hold the
dynamical content. The postform interaction is

Vpost = Vbx + (UbA − UbB), (21)

in which the projectile binding interaction Vbx is the direct
breakup term and the difference UbA − UbB is the postform
remnant, which arises because the spectator-target distortion
in the entrance arrangement differs from the spectator-residual
distortion in the exit arrangement.

The postform expression is adopted not by preference
but because the prior form is uncontrolled at sub-Coulomb
energies on two counts. First, completeness: for a com-
plex participant-target potential the post and prior per-pole
amplitudes differ by the nonorthogonality (Hussein-McVoy)
amplitude �Mn ≡ Mpost

n − Mprior
n [30,34,35,38], the per-

pole cross-section difference being∣∣Mpost
n

∣∣2 − ∣∣Mprior
n

∣∣2 = 2 Re
(Mprior ∗

n �Mn
) + |�Mn|2,

(22)
whose cross term survives after squaring: φn diagonalizes
only the real V R

x while the channel retains the full Ux, whose
absorptive part carries the resonance’s own nonelastic decay,
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FIG. 1. Two-step Nonperturbative reduction from the IAV in-
clusive parent [Eq. (2)] to the factorized PWIA-THM formula
[Eq. (26)] [4,8,13]. The per-pole DWBA cross section at the inter-
mediate level (highlighted) is the operational extraction quantity;
the factorized expression is a further reduction of the same parent,
not a multiplicative correction. The spectral ansatz and conditions
1–4 are introduced in Sec. III; the reduction steps, three dynamical
approximations plus a zero-range vertex simplification, are detailed
here.

so the bare prior reduction is incomplete unless �Mn and
the cross term are restored. Second, constructability: the prior
operator Vprior = Ux + (UbA − UaA) carries that full complex
Ux, whose absorptive part is the sparse isolated-resonance
spectrum available only through the spectral ansatz of Eq. (6),
never a smooth Wx(r) that a global parametrization [49]
could supply; a controlled prior would demand a pole-by-pole
assembly of Ux, outside the present scope. The postform op-
erator (21) carries no participant-target interaction at all, the
resonance entering only through φn; built from Vbx and the
smooth spectator potentials, it is complete and constructible
where the prior form is neither.

The first plane-wave limit of the transfer matrix element of
Eq. (5) is obtained by replacing the entrance and exit distorted
waves by plane waves,

χ (+)
a (ka, ra) → eika·ra , χ

(−)
b (kb, rb) → e−ikb·rb . (23)

This combined plane-wave substitution defines a plane-wave
Born transfer cross section,

dσ PWBA
n

d�b
= 2π ρb

h̄va

∣∣MPWBA
n

∣∣2
,

MPWBA
n = 〈φn e−ikb·rb |Vpost | eika·ra φa〉. (24)

Equation (24) is not yet the factorized PWIA-THM expression
used in resonance-strength extraction. Beyond the plane-wave
substitution (i) that defines it, three further reductions are
required. (ii) The b-x vertex factor is reduced to its zero-range

constant; by the bound-state identity given below the finite-
range vertex already factorizes as a smooth kinematic factor
times φ̃a for any local Vbx, so this step is a simplification of
that factor, not a structural approximation. (iii) The binary
subreaction amplitude is evaluated on shell, at the kinematic
point set by the spectator-window cuts. (iv) Only the Vbx piece
of Vpost is retained; the remnant UbA − UbB is dropped, justified
when the two spectator distortions are similar, UbA 
 UbB.
Carrying out these reductions makes the factorization explicit.
In the projectile Jacobi coordinates (rbx, rxA) the entrance and
exit plane-wave phases separate into a spectator-participant
part and a participant-target part, and retaining only the Vbx

piece [step (iv)] the amplitude of Eq. (24) factorizes as

MPWBA
n

∣∣
Vbx

=
[∫

drbx e−ipbx ·rbx Vbx(rbx ) φa(rbx )

]

×
[∫

drxA φ∗
n (rxA) eiq·rxA

]
, (25)

with spectator-participant momentum pbx = kb − (mb/ma)ka

and momentum transfer q = ka − kb. The participant-target
phase carries q in the no-recoil (heavy-core) limit: the exact
conjugate momentum of rxA is ka − mA

mx+mA
kb, which reduces

to q as mx/mA → 0. The remnant neglect of step (iv) is
customarily argued in the same heavy-core limit, where A
and B = A + x generate similar spectator distortions, but
UbA − UbB depends on the charges and potential geometries
as well as on the mass ratio, so the two corrections are re-
lated, not controlled by a single parameter. The two brackets
have a direct physical reading. The first is the b-x breakup
vertex: by the bound-state Schrödinger equation it equals
−(h̄2/2μbx )(p2

bx + κ2
a ) φ̃a(pbx ), with κa the bound-state wave

number of φa, so it is the momentum-space wave function φ̃a

times a smooth kinematic factor, constant for a zero-range Vbx

[step (ii)] and collected into Nkin below. The second is the
momentum-space overlap of the resonance form factor φn, the
formation vertex of the binary x + A → n subreaction; step
(iii) is the statement that this vertex, evaluated at the on-shell
point set by the spectator-window cuts, is identified with the
on-shell binary T -matrix T on

xA→n(En; q), an identification that
defines the approximation rather than following from the fac-
torization. Squaring this factorized amplitude in dσ PWBA

n /d�b

and collecting the prefactor 2πρb/h̄va together with the b-x
breakup-vertex constant into Nkin gives the standard factor-
ized form

dσ PWIA-THM
n

d�b
= Nkin(�b, kb) |φ̃a(pbx )|2∣∣T on

xA→n(En; q)
∣∣2

,

(26)

in which Nkin collects the spectator-window phase-space,
spin-average, and frame factors, and the remaining symbols
are as defined above. At the resonance peak |T on

xA→n|2 carries
the resonance formation strength ∝ �n

x of the participant chan-
nel; the decay branching to the detected channel c enters once,
through the channel projection bn

c of Eqs. (10) and (16), so that
bn

c and |T on
xA→n|2 together assemble the astrophysical resonance

strength (ωγ )c
n of Eq. (18).

The factorization (26) holds algebraically at any pbx once
steps (i)–(iv) are taken; the quasifree cut pbx ≈ 0 selects the
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region where |φ̃a(pbx )|2 is largest and the impulse reading of
the spectator is cleanest, a kinematic event selection rather
than a dynamical approximation. In the standard treatment
the quasifree spectator picture is the premise from which
the factorization is argued; here the factorized form follows
from the four operator-level approximations, and the quasifree
condition reenters only as the kinematic point at which the
form is evaluated. The dynamical content therefore sits in
the reduction steps, not in the selection. The clearest case
is the remnant UbA − UbB dropped at step (iv), the stan-
dard postform remnant of transfer and breakup DWBA: it
is suppressed for heavy targets where UbA 
 UbB, but non-
negligible for a light target such as 19F, and it is a more
consequential departure from the per-pole amplitude than
the quasifree selection that the standard analyses place at
the center.

Equations (24) and (26) expose the factorized PWIA-THM
working formula of Refs. [8,13] as a nonperturbative reduc-
tion of the per-pole DWBA amplitude: four finite steps, not
a perturbative limit interpolating between the two, and no
multiplicative correction factor relating the two forms. Steps
(i), (iii), and (iv) each remove specific dynamical content,
the entrance and exit distortions, the off-shell structure of the
binary vertex, and the remnant; step (ii) only simplifies the
smooth vertex factor.

The intermediate plane-wave Born cross section of Eq. (24)
is a stage of this reduction, not a baseline against which the
per-pole cross section is a multiplicative distortion correc-
tion. The plane-wave substitution strips three convolved layers
from χ (+)

a , χ
(−)
b at once, Coulomb wave, surface phase shift,

and interior amplitude, so no graded ordering reconstructs
the distorted amplitude from the plane-wave one; a (d, pX )
radial-cutoff study finds the interior alone worth 20–25 %
even above the barrier [33]. Nor does the sub-Coulomb sup-
pression factor out: the universal Gamow penetrability enters
the on-shell |T on

xA→n|2 of Eq. (26) through the standard R-
matrix Pl , whereas the distortion residue is set by the matching
of χ (+)

a , χ
(−)
b to φn, whose small-radius structure is nonpertur-

bative at ηxA � 1.

VIII. SUMMARY AND OUTLOOK

I have established four results for the IAV inclusive
nonelastic breakup cross section in the sub-Coulomb res-
onant regime. First, the diagonal isolated-pole spectral
ansatz of the absorptive participant-target optical poten-
tial is controlled in the narrow-resonance regime once
the condition-1 and condition-3 ratios from R-matrix
tabulations, the model-dependent continuum diagnostic
εcont, and the condition-4 normalization diagnostic Zn 
 1,
maxn 	=m |Snm| � 1 [Eq. (B3)] are evaluated.

Second, a three-layer width analysis combining Feshbach
projection with R-matrix normalization establishes the width
relations ξ IAV

n = �non-el
n /2 
 �tot

n /2, resolving the half-width-
versus-full-width and sign ambiguities of the literature and
the recurring conflation of the absorptive half-width with the
participant-channel partial width.

Third, the inclusive cross section reduces in the isolated-
resonance limit to a per-pole distorted-wave Born approxi-

mation transfer matrix element evaluated on the resonance
state with full entrance and exit distortions and the postform
interaction, weighted by the channel branching ratio. The
postform source is the central convention at sub-Coulomb
energies because the prior-form alternative would require an
explicit pole-by-pole assembly of Ux outside the scope of the
present formalism.

Fourth, the same one-level total-width profile follows di-
rectly from the postform transfer amplitude through the exact
participant-target final states, with no reference to the inclu-
sive closed form; the two routes coincide, the ratio �n

x /�
tot
n

measuring only the quasibound approximation, and the per-
pole extraction is route independent.

The central operational statement follows from these re-
sults. The standard factorized THM working formula and
the per-pole DWBA cross section are successive reductions
of the same IAV inclusive nonelastic breakup parent: the
isolated-resonance limit reduces the parent to the per-pole
cross section, and three dynamical approximations with a
zero-range vertex simplification further reduce that to the
factorized form. The operational quantity for sub-Coulomb
resonance-strength extraction is the per-pole cross section it-
self, which retains the partial-wave coherence of the direct
Vbx matrix element and the remnant UbA − UbB that the re-
duction suppresses. The extraction computes bn

c dσ DWBA
n /d�b

following the recipe of Sec. VI, with the observed R-matrix
partial widths as the only resonance inputs, alongside the
optical potentials, distorted waves, and projectile bound state
common to any DWBA calculation; the absorptive strength
ξ IAV

n sets the nonelastic numerator and condition 1, the to-
tal half-width �tot

n /2 the Lorentzian Ex width and condition
3, and neither enters the integrated single-differential cross
section beyond the branching ratio bn

c. The offset of the result-
ing (ωγ )DWBA

n from the factorized-THM value is set by the
three dynamical approximations; its numerical evaluation at a
specific benchmark, together with the closure of the condition-
2 and normalization diagnostics, is left to the follow-up
application.
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APPENDIX A: QUASIFREE KINEMATICS:
RECONSTRUCTION OF THE SPECTATOR-PARTICIPANT

MOMENTUM AND THE QF WINDOW

This Appendix reconstructs the quasifree (QF) window
in standard nonrelativistic THM kinematics [5]; laboratory
quantities carry a “lab” label to distinguish them from the
relative variables of the main text. The target A is at rest,
the beam a = b + x (with ma = mb + mx) carries laboratory
momentum klab

a along ẑ with energy Elab = (klab
a )2/2ma, and

the spectator b is detected at laboratory angle θ lab
b with

kinetic energy E lab
b , so klab

b =
√

2mbE lab
b and klab

b · klab
a =

klab
b klab

a cos θ lab
b .

In the spectator picture b is emitted without interacting, so
momentum conservation (klab

b + klab
x = klab

a ) splits the projec-
tile laboratory momentum into the spectator center-of-mass
share and the frame-independent internal Jacobi momentum,
reconstructed event by event from the measured spectator
momentum and the beam,

pbx = klab
b − mb

ma
klab

a , (A1)

with magnitude, in terms of the detected (θ lab
b , E lab

b ),

p2
bx = (

klab
b

)2 − 2
mb

ma
klab

b klab
a cos θ lab

b +
(

mb

ma

)2(
klab

a

)2
. (A2)

The QF condition pbx = 0 requires klab
b = (mb/ma)klab

a , the
spectator coasting at the beam velocity. It fixes the QF point
in both detected variables,

θ
lab,QF
b = 0, E lab,QF

b = mb

ma
Elab. (A3)

By Eq. (A2) the QF window, the cut pbx � pcut, is a finite
region of the (θ lab

b , E lab
b ) plane centered on Eq. (A3), a near-

forward angular acceptance together with an energy bite about
E lab,QF

b , with extent set by pcut and by the intrinsic width of
|φ̃a(pbx )|2.

The point pbx = 0 is the kinematic center of the window,
where |φ̃a|2 peaks; it is not imposed as the location of the
cross-section maximum. Since the per-pole DWBA cross sec-
tion is computed over the whole window with the distortions
retained, the predicted yield maximum may be displaced from
pbx = 0, and that displacement is an output of the calculation
measuring the departure from the impulse picture.

The binary relative energy Ex, the variable scanned for the
excitation function, is reconstructed from the full three-body
final state through the standard quasifree energy relation [5,8].
The per-pole cross section is computed in the relative vari-
ables of the main text and converted to (θ lab

b , E lab
b ) by the

standard frame Jacobian when compared with data.

APPENDIX B: VALIDITY BOUNDS FOR THE DIAGONAL
ISOLATED-POLE SPECTRAL ANSATZ

This Appendix derives the dimensionless bounds for the
conditions 1–4 of the spectral ansatz (6).

I treat Wx as a scalar (central) absorptive potential; non-
central components such as imaginary spin-orbit are kept out
as a working assumption, since global parametrizations [49]

average over precisely the narrow-resonance structure the
ansatz resolves and cannot adjudicate their size there. With
the absorptive convention Wx � 0 (so that −Wx is a positive-
semidefinite quadratic form), the off-diagonal couplings Wnm

vanish for unequal spin-parity by rotational invariance, and for
equal spin-parity satisfy the Cauchy-Schwarz bound

|Wnm|2 � 〈φn|(−Wx )|φn〉 〈φm|(−Wx )|φm〉 = ξ IAV
n ξ IAV

m . (B1)

The diagonal-ansatz controlling ratio is therefore

|Wnm|
|En − Em| �

√
ξ IAV

n ξ IAV
m

|En − Em| , (B2)

small whenever the participant-target subsystem is in the
narrow-resonance regime; the explicit evaluation at any spe-
cific reference resonance requires only the experimental
partial widths and level energies of the participant-target sub-
system.

The bound (B1) controls the absorptive couplings but not
the overlaps Snm = 〈φn|φm〉a of the form factors themselves,
which the pole expansion (6) treats as orthonormal. These
overlaps vanish for unequal spin parity by symmetry. For
equal spin parity, interior eigenfunctions sharing a common
Bloch boundary parameter are exactly orthogonal on r � a;
the pole-by-pole boundary choice of Sec. II departs from a
common parameter by the level-shift differences, and first-
order perturbation theory in the Bloch-operator difference
gives the order-of-magnitude estimate Snm ∼ √

γ 2
n γ 2

m |S′
c|,

built from the same shift-function derivative as the pole
residue Zn of Sec. V. This parameter is not controlled by the
width-to-spacing ratio of conditions 1 and 3: �n

c = 2Pcγ
2
nc can

be small through the penetrability alone while γ 2
nc|S′

c| remains
finite. The diagonal use of the pole basis therefore carries
condition 4, the explicit normalization diagnostic

Zn 
 1, max
n 	=m

|Snm| � 1, (B3)

evaluated from tabulated reduced widths and Coulomb shift
functions in the same pass as conditions 1 and 3.

Condition 2 is the requirement that Wx have negligible ma-
trix elements between the resonance form factors {φn} and the
smooth nonresonant x + A continuum. The continuum contri-
bution to the absorptive strength is diagnosed, in a specified
continuum model, by the dimensionless ratio

εcont ≡ σ cont
R (�E )

σ res
R (�E )

, (B4)

where σ res
R (�E ) is the contribution to the x + A reaction

cross section integrated over the energy window �E from the
resonance-pole sector {φn}, and σ cont

R (�E ) is the nonresonant
contribution over the same window (an R-matrix background-
pole term, a direct nonresonant capture amplitude, or a smooth
absorptive optical-model continuum). By construction, σR is
the reaction (nonelastic) cross section carried by Wx in the
kernel of Eq. (2), not the three-body inclusive yield; the
elastic x + A branch of ψx enters σelastic rather than σR, so R-
matrix hard-sphere phase shifts and the real elastic part of any
smooth Ux do not contribute to σ cont

R . Within this restriction
σ res

R + σ cont
R 
 σ tot

R over the window, up to the condition-2-
bounded pole-continuum interference. The physical source of
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its smallness at sub-Coulomb energies in light nuclei is the
sparse level density around the reference resonance; explicit
closure at a specific benchmark is deferred to future work.

Condition 3 is the requirement that the resonance half-
width is small against the spacing to the nearest neighbor of
any spin and parity, so that each resonance is resolvable as a
separate pole of the spectral sum.

APPENDIX C: THREE-LAYER WIDTH IDENTIFICATION

This Appendix derives Layers A and B of the width rela-
tions, which together establish ξ IAV

n = �non-el
n /2 [Eq. (7)], and

gives the sub-Coulomb identification with the experimental
total width.

Layer A: Pole of the IAV Green’s function. The partic-
ipant wave function ψx of Eq. (2) is the solution of an
inhomogeneous Schrödinger equation with complex Ux and
outgoing-wave boundary conditions, with the source set by
the postform interaction [30,34,38]. The IAV Green’s func-
tion Gx(Ex ) = (Ex − Tx − Ux )−1 that resolves ψx on the pole
basis is therefore a retarded propagator built from the full
complex Ux, not a projection onto a subspace orthogonal to
the elastic x + A channel. The pole self-energy �IAV

n (E ) on
the form factor φn has its real part absorbed into the exper-
imental pole position En by the construction of φn as the
interior eigenfunction of Tx + V R

x at eigenvalue En (in the
R-matrix convention). Its imaginary part carries two contri-
butions: the elastic escape half-width �n

x /2 (equal to �
sp
x /2 in

the C2S = 1 single-particle convention adopted here), gener-
ated by the outgoing-wave coupling of φn to the open elastic
x + A channel through the real potential alone and present
even for Wx = 0 at En > 0, and the absorptive displacement
ξ IAV

n = |〈φn|Wx|φn〉| from the diagonal action of Wx. Within
the diagonal isolated-pole ansatz (6), Gx near the pole there-
fore takes the form

Gx(Ex ) 
 |φn〉〈φn|
Ex − En + i �tot

n /2
, (C1)

with �tot
n /2 = �n

x /2 + ξ IAV
n , the pole in the lower complex

half-plane (retarded convention). The absorptive route thus
carries the one-level total-width profile of Eqs. (4) and (14)
directly, Wx supplying only the nonelastic numerator of the
inclusive yield; the quasibound form with ξ IAV

n alone in the
denominator, the treatment of Ref. [38], corresponds to ne-
glecting the elastic escape in the pole displacement and is
recovered in the sub-Coulomb limit �n

x → 0. In practice, ξ IAV
n

is not evaluated as a direct radial integral on Wx(r), which
would require a profile smooth on the resonance scale that the
sub-Coulomb regime lacks, but is read from the tabulated par-
tial widths through the Lane-Thomas identification of Layer B
below [Eq. (C2)]. Layer A fixes the physical meaning of ξ IAV

n ;
Layer B supplies the operational shortcut.

Layer B: Channel projection of the absorptive operator
Wx as a working identification. The absorptive operator Wx

represents flux removal from the elastic x + A channel into
its complement, that is, into the open nonelastic channels
c 	= x. The standard Lane-Thomas R-matrix construction [4,7]
identifies the imaginary part of the participant-target level
matrix on the pole λ (the absorption of flux into open

decay channels) with the channel sum
∑

c Pc γ 2
λc = 1

2

∑
c �c

λ,
in which �c

λ ≡ 2 Pc γ 2
λc are the FWHM partial widths built

from the reduced widths γ 2
λc and the channel penetration fac-

tors Pc. In the IAV setting where Wx encodes the flux removed
from the elastic channel into the nonelastic decay channels,
the corresponding identification at the diagonal pole matrix
element is

|〈φn|Wx|φn〉| = 1

2

∑
c 	=x

�n
c = 1

2
�non-el

n , (C2)

in which �non-el
n = ∑

c 	=x �n
c (for the 19F +p resonances, x = p

and �non-el
n = �n

α + �n
γ ). The restriction c 	= x in Eq. (C2) is

not a truncation of the Lane-Thomas channel sum but the
Feshbach projection that defines the IAV inclusive yield: the
elastic x + A channel is retained explicitly, as the asymptotic
outgoing-wave part of ψx that carries the elastic-breakup am-
plitude, and Wx acts only on its complement, the nonelastic
decay channels c 	= x. The level-matrix imaginary part that
Wx reproduces is therefore built from the reaction channels
alone.

The partial widths �n
c on the right-hand side are the

experimentally measured (or R-matrix-fitted) decay-channel
widths of the resonance n, used directly under the observed-
parameter convention. Layers A and B give the same ξ IAV

n =
�non-el

n /2 because each computes the rate at which Wx removes
the resonance from the elastic channel into the nonelastic de-
cay channels: for a state prepared as ψ (0) = φn and evolving
under the complex participant-target potential, the pole occu-
pation decays as d|〈φn|ψ〉|2/dt = (2/h̄)〈φn|Wx|φn〉 |〈φn|ψ〉|2,
so the instantaneous rate at t = 0 is −�non-el

n /h̄ (Layer A),
while the Lane-Thomas penetrability sum over the same
nonelastic channels gives the identical value (Layer B).

Sub-Coulomb identification with the experimental total
width. The absorptive half-width ξ IAV

n = �non-el
n /2 is a distinct

object from the experimental total width �tot
n = �n

x + �non-el
n :

the former is the absorption out of the elastic channel, the
latter includes the elastic reemission �n

x . The two halves coin-
cide whenever �n

x � �non-el
n , the generic sub-Coulomb case

for charged participants because �n
x carries the participant-

channel Coulomb penetration factor ∼ exp(−2πηxA) at large
Sommerfeld parameter ηxA � 1; the identification (7) is the
strict equality supplemented by this approximation, controlled
by the ratio �n

x /�
tot
n .

Specializing to the 19F +p application (so that x = p and
�n

x ≡ �p), at the 11 keV 1+ resonance the proton partial width
�p ≈ 1.1 × 10−28 eV [23] and the dominant α2 partial width
|�α2 | ≈ 590 eV [27], together with the upper bound �γ1 <

5 eV [27] on the γ channel, give �tot
n 
 |�α2 | ∼ 6 × 102 eV

and �p/�
tot
n ≈ 2 × 10−31, so the sub-Coulomb identification

holds with negligible correction. At the higher reference res-
onances of the literature two-resonance normalization the
suppression is weaker, �p/�

tot
n ≈ 1.6% at 323 keV [13,23]

and weaker still at 828 keV; there the quasibound substitution
ξ IAV

n 
 �tot
n /2, if used, introduces a correction comparable to

the dynamical-approximation content of Sec. VII and must
then be propagated in the same systematic budget; the full
profile of Eq. (4) carries no such omission.
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