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What is FRESCO?
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For

Two body calculations 

Three body calculations

Elastic scattering (Optical potential)

Inelastic scattering (Coupled channel equations)

Capture

Breakup/Elastic scattering (CDCC) 

Transfer (CDCC/DWBA)



What is FRESCO?
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http://www.fresco.org.uk/examples/index.html


Renormalization used in Fresco 
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Plane wave ⟨r |k⟩ = eikr

momentum eigenstates ⟨k′�|k⟩ = (2π)3δ(k′ �− k) 1 = ∫ d3k |k⟩
1

(2π)3
⟨k |

coordinate eigenstates ⟨r′�|r⟩ = δ(r′ �− r) 1 = ∫ dr3 |r⟩⟨r |

Partial wave expansion of  
scattering wave function

Asymptotic form 



Effective two body problem
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Ψ Ψmodel
Using the projection operator 

Ψmodel = 𝒫Ψ

Ψ = 𝒫Ψ + 𝒬Ψ

𝒫 + 𝒬 = 1

𝒫2 = 𝒫
𝒬2 = 𝒬

𝒫𝒬 = 𝒬𝒫 = 0

The Schrodinger equation becomes

(E − H)(𝒫Ψ + 𝒬Ψ) = 0

(E − 𝒫H𝒫)𝒫Ψ = (𝒫H𝒬)𝒬Ψ

(E − 𝒬H𝒬)𝒬Ψ = (𝒬H𝒫)𝒫Ψ

𝒬Ψ =
1

E(+) − 𝒬H𝒬
(𝒬H𝒫)𝒫Ψ

(E − ℋ)𝒫Ψ = 0

(E − ℋ)Ψmodel = 0

ℋ = 𝒫H𝒫 + 𝒫H𝒬
1

E(+) − 𝒬H𝒬
𝒬H𝒫



Effective interaction (optical potential)
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ℋ = 𝒫H𝒫 + 𝒫H𝒬
1

E(+) − 𝒬H𝒬
𝒬H𝒫Effective Hamiltonian

Mathematically, lim
ϵ→0

1
E − Eq + iϵ

= 𝔓(
1

E − Eq
) − iπδ(E − Eq)

The second term of ℋ ΔV(E) = H𝒫𝒬
1

E(+) − H𝒬𝒬
H𝒬𝒫 energy dependent

(Eq − H𝒬𝒬)Φq = 0By using the eigenstate:

ΔV = ∑
q

H𝒫𝒬 |Φq⟩⟨Φq |𝒬𝒫
E − Eq

+ ∫ dEq
H𝒫𝒬 |Φq⟩⟨Φq |𝒬𝒫

E(+) − Eq
nonlocal

ℜΔV(E) = ∑
q

H𝒫𝒬 |Φq⟩⟨Φq |𝒬𝒫
E − Eq

+ 𝔓∫ dEq
H𝒫𝒬 |Φq⟩⟨Φq |𝒬𝒫

E − Eq
Real part:

ℑΔV(E) = − π H𝒫𝒬 |Φq⟩⟨Φq |H𝒬𝒫Imaginary part:

ℜΔV(E) = ∑
q

H𝒫𝒬 |Φq⟩⟨Φq |H𝒬𝒫

E − Eq
−

1
π

𝔓∫ dEq
ℑΔV(Eq)

E − Eq
Dispersion relation:



Elastic scattering with optical potential
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Effective potential(local): U(R) = Uc(R) + Unuc(R)

Coulomb potential: charge sphere distribution

Nuclear potential (complex): Woods-Saxon parametrization

Typically R0 = r0(A1/3
T + A1/3

P )

=reduced radiusr0 r0 ∼ 1.1 − 1.4 fm

AT and AP: mass number of projectile and target



Elastic scattering: effective potential
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Take 4He+58Ni as an example

Elastic scattering: effective potential

TRIUMF Summer Institute 4-15 August 2008 – 24 / 156

Effective potential: U(R) = Unuc(R) + Ucoul(R)
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Partial wave decomposition and double differential equation
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Partial wave decomposition

Central potential U = U(R):

χ(+)0 (K,R) =
1
KR

∑

ℓm

iℓ(2ℓ + 1)χℓ(K,R)Pℓ(cos θ)

χℓ(K,R) obtained from:
[

−
!2

2µ
d2

dR2
+
!2

2µ
ℓ(ℓ + 1)
R2

+ U(R) − E0
]

χℓ(K,R) = 0.

Boundary condition:

χℓ(K,R)→ eiσℓ
[

Fℓ(η,KR) + TℓH(+)
ℓ (η,KR)

]

= (i/2)eiσℓ
[

H(−)
ℓ (η,KR) − SℓH

(+)
ℓ (η,KR)

]

☞ σℓ(η)=Coulomb phase shift
☞ Fℓ(η,KR)=regular Coulomb wave
☞ H(±)

ℓ (η,KR)=outgoing/ingoing
Coulomb wave
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Complex



Scattering amplitude and observables 
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Scattering amplitude (Coulomb plus nuclear)

Total scattering amplitude:

f (θ) = fC(θ) +
1
2iK

∑

ℓ

(2ℓ + 1)e2iσℓ (Sℓ − 1)Pℓ(cos θ)

☞ fC(θ) is the amplitude for pure Coulomb:

dσR
dΩ
= |fC(θ)|2 =

η2

4K2 sin4( 12θ)
=

(

ZpZte2

4E

)2 1
sin4( 12θ)
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Optical model calculations with fresco
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Optical model calculations with Fresco

Essential ingredients of an OM calculation:

Physical:
• Identify projectile and target (mass, spin, etc)

• Incident energy

• Parametrization of the optical potential

Numerical:
• Radial step for numerical integration (HCM in fresco)

• Maximum radius R for integration (RMATCH)

• Maximum angular momentum L. (JTMAX)

RMATCH and JTMAX are linked by: kRg
(

1 − 2η/kRg
)

≈ Lg + 1/2
(Lg=grazing angular momentum)
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Example: 4He+58Ni
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OM example: 4He+58Ni

Input example:

4he58ni_e10.in: 4He + 58Ni elastic scattering Ecm=10.0 MeV

NAMELIST

&FRESCO hcm=0.1 rmatch=25.0 jtmax=30

thmin=1.0 thmax=180.0 thinc=2.0

smats=2 xstabl=1

elab=10.7 /

&PARTITION namep=’ALPHA’ massp=4 zp=2 namet=’58Ni’ masst=58 zt=28 nex=1 /

&STATES jp=0.0 bandp=1 ep=0.0 cpot=1 jt=0.0 bandt=1 et=0.0 /

&partition /

&POT kp=1 at=58 rc=1.4 /

&POT kp=1 type=1

p1=191.5 p2=1.37 p3=0.56 p4=23.5 p5=1.37 p6=0.56 /

&pot /

&overlap /

&coupling /
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Example: 4He+58Ni
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OM example: 4He+58Ni

General
variables

&FRESCO hcm=0.1 rmatch=25.0 jtmax=30

thmin=1.00 thmax=180.00 thinc=2.00

smats=2 xstabl=1

elab=10.7 /

Mass partitions
& states

&PARTITION namep=’ALPHA’ massp=4 zp=2 namet=’58Ni’ masst=58 zt=28

nex=1 /

&STATES jp=0.0 bandp=1 ep=0.0 cpot=1 jt=0.0 bandt=1 et=0.0 /

&partition /

Potentials
&POT kp=1 itt=F at=58 rc=1.4 /

&POT kp=1 type=1

p1=191.5 p2=1.37 p3=0.56 p4=23.5 p5=1.37 p6=0.56 /

&pot /
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Example: 4He+58Ni
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OM example: 4He+58Ni

Essential input variables: FRESCO namelist

&FRESCO hcm=0.1 rmatch=25.0 jtmax=30

thmin=1.00 thmax=180.00 thinc=2.00

smats=2 xstabl=1

elab=10.7 /

hcm: step for integration of radial equations.

rmatch: matching radius (for R > RMATCH asymptotic behaviour is assumed)

elab: laboratory energy

jtmax: maximum total angular momentum (projectile+target+relative)

smats: trace variable
smats=2→ print elastic S-matrix

xstbl: trace variable
xstbl=1→ print cross sections
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Example: 4He+58Ni
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

OM example: 4He+58Ni

Essential input variables: partitions and states

&PARTITION namep=’ALPHA’ massp=4 zp=2 namet=’58Ni’ masst=58 zt=28

nex=1 /

namep / namet: projectile / target name
massp / masst: projectile / target mass (amu)
zp / zt: projectile / target charge
nex: number of (pairs) of states in this partition

&STATES jp=0.0 bandp=1 ep=0.0 cpot=1 jt=0.0 bandt=1 et=0.0 /

jp / jt: projectile / target spins
bandp / bandt: projectile / target parities (± 1)
cpot: index of potential for this pair of states.
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Example: 4He+58Ni
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

OM example: 4He+58Ni

&POT kp=1 type=0 ap=0 at=58 rc=1.4 /

&POT kp=1 type=1 shape=0

p1=191.5 p2=1.37 p3=0.56 p4=23.5 p5=1.37 p6=0.56 /

&pot /

kp: index to identify this potential
ap, at: projectile and target mass, for conversion from reduced to physical
radii: R = r(ap1/3 + at1/3)
type, shape: potential cathegory and shape: ⇒

type=0: Coulomb potential
shape=0: uniform charge sphere
type=1: volume nuclear potential
shape=0: Woods-Saxon shape

rc: reduced radius for charge distribution
p1,p2,p3: V0, r0, a0 (real part)
p4,p5,p6: W0, ri, ai (imaginary part)
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Tips from Fresco to solve the double differential equation
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Choice of h

Starting point, for large centrifugal barrier

Method : enhanced numerov, more accurate for high-energy scattering 
with slowly varying potentials

Boundary conditions fl(0) = 0

fl(a) =
i
2

[H−
L (η, ka) − SLH+

L (η, ka)]

f′�l(a) =
i
2

[H′�−
L (η, ka) − SLH′�+

L (η, ka)]

fl(Rmin + h) = h(l+1)

k(R) = 2μ(E − V(R))/ℏ2 ↑ h ↓ kh ⩽ 0.2

l(l + 1)
R

fl(R) = 0, when R < Rmin Rmin = 2.0 * lh

complex potential



Useful output in OM calculations
 18FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Useful output information in OM calculations

Useful output files:

Main output file (stdout)

fort.201 : Elastic scattering angular distribution
thmax > 0: relative to Rutherford.
thmax < 0: absolute units (mb/sr).

fort.7: Elastic S-matrix (real part, imaginary part, angular momentum)

fort.56: Fusion (absorption), reaction and inelastic cross section for each
angular momentum
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Elastic scattering angular distribution
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Elastic scattering: energy dependence

0 30 60 90 120 150 180
θc.m. (deg)

102

103

104

105

106

dσ
/d
Ω

  (
m

b/
sr

)

4He+58Ni @ E=5 MeV

0 30 60 90 120 150 180
θc.m. (deg)

101

102

103

104

105

106

dσ
/d
Ω

  (
m

b/
sr

)

Coulomb + Nuclear potential
Rutherford formula

4He+58Ni @ E=10.7 MeV

0 30 60 90 120 150 180
θc.m. (deg)

10-3

10-2

10-1

100

101

102

103

104

105

dσ
/d
Ω

  (
m

b/
sr

)

4He+58Ni @ E=25 MeV

0 30 60 90 120 150 180
θc.m. (deg)

0

0.5

1

σ
/σ

R

4He+58Ni @ E=5 MeV

Rutherford scattering

0 30 60 90 120 150 180
θc.m. (deg)

0

0.5

1

σ
/σ

R
4He+58Ni @ E=10.7 MeV

Fresnel

0 30 60 90 120 150 180
θc.m. (deg)

10-3

10-2

10-1

100

σ
/σ

R

4He+58Ni @ E=25 MeV

Fraunhöfer

ISOLDE Course: FRESCO examples A. M. Moro Universidad de Sevilla 20 / 59



S-matrix
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Elastic scattering: S-matrix elements

Elastic (nuclear) S-matrix (fort.7): χelL (r) = IL(r) − SLelOL(r)
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≈ Lg + 1/2

⇒ the number of partial waves required for convergence grows approximately as
√
E
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Elastic scattering: S-matrix elements

Elastic (nuclear) S-matrix (fort.7): χelL (r) = IL(r) − SLelOL(r)
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Useful database for nuclear reaction
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Optical potential:

Experimenta data:

https://www-nds.iaea.org/RIPL-3/
https://www-nds.iaea.org/exfor/exfor.htm


Fits with SFRESCO 
 22

FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

SFRESCO: Can be used together with FRESCO to do determine automatically optical
model parameters by means of a χ2 analysis of experimental angular distribution.

We need 3 input files:
1 FRESCO input file: li8pb_e34.in

2 MINUIT input file: sfresco.in

3 SEARCH input file: search.in

sfresco.in =⇒ search.in =⇒ li8pb_e34.in

ISOLDE Course: FRESCO examples A. M. Moro Universidad de Sevilla 23 / 59



Before fit
 23

FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

8Li+208Pb OM before fit
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Fresco input before fit
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

FRESCO input file (before fit)

li8pb_e34.in

NAMELIST

&FRESCO hcm=0.05 rmatch=40.0 jtmax=60

thmin=5.00 thmax=160.00 thinc=2.00

smats=2 xstabl=1

elab= 34.404 /

&PARTITION namep=’Li-8’ massp=8 zp=3 namet=’Pb-208’

masst=208 zt=82 qval=0.0000 pwf=T nex=1 /

&STATES jp=2.0 bandp=1 ep=0.000 cpot=1 jt=0.0

bandt=1 et=0.000 fexch=F /

&partition /

&POT kp=1 ap=8 at=208 rc=1.25 /

&POT kp=1 type=1 itt=F p1=15.4 p2=1.3 p3=0.65 p4=13.2 p5=1.3 p6=0.65 /

&pot /
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Fits with SFRESCO
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Performing fits with SFRESCO:

1.- FRESCO input file: li8pb_e34.in (previous slide)

2.- MUNUIT input file: sfresco.in

search.in <---- file with search parameters

min

fix

migrad

end

q

show

plot
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Fits with SFRESCO
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

Performing fits with SFRESCO (continued):

3.- SEARCH input file: search.in

’li8pb_e34.in’ ’li8pb_e34.out’ 2 1

&variable kind=1 name=’V’ kp=1 pline=2 col=1 valmin=5.0 valmax=150.0 step=0.2/

&variable kind=1 name=’W’ kp=1 pline=2 col=4 valmin=5.0 valmax=100.0 step=0.2 /

&data type=0 iscale=2 idir=1 lab=F abserr=T/

43.7 1.01026 0.014

73.76 0.67003 0.014

103.537 0.11577 0.01394

121.296 0.06194 0.00778

133.351 0.04369 0.00888

151.332 0.02763 0.00701

&

sfresco < sfresco.in > sfresco.out
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Fits with SFRESCO
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SEARCH input file (continued):

’li8pb_e34.in’ ’li8pb_e34.out’ 2 1

input_file, output_file, nvariables, ndatasets

&variable kind=1 name=’V’ kp=1 pline=2 col=1 valmin=5.0 valmax=150.0 /

&variable kind=1 name=’W’ kp=1 pline=2 col=4 valmin=5.0 valmax=100.0 /

- kind: type of variable (1=potential)

- kp: potential index

- pline=2: potential component

- col: column (identifies parameter within component)

- valmin-valmax: constraints for this parameter
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

FRESCO input file (before fit)

li8pb_e34.in

NAMELIST

&FRESCO hcm=0.05 rmatch=40.0 jtmax=60

thmin=5.00 thmax=160.00 thinc=2.00

smats=2 xstabl=1

elab= 34.404 /

&PARTITION namep=’Li-8’ massp=8 zp=3 namet=’Pb-208’

masst=208 zt=82 qval=0.0000 pwf=T nex=1 /

&STATES jp=2.0 bandp=1 ep=0.000 cpot=1 jt=0.0

bandt=1 et=0.000 fexch=F /

&partition /

&POT kp=1 ap=8 at=208 rc=1.25 /

&POT kp=1 type=1 itt=F p1=15.4 p2=1.3 p3=0.65 p4=13.2 p5=1.3 p6=0.65 /

&pot /
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Fits with SFRESCO
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SEARCH input file (continued):

&data type=0 iscale=2 idir=1 abserr=T/

43.7 1.01026 0.014

73.76 0.67003 0.014

(...)

&

- type: type of observable (0= angular distribution for fixed energy)

- iscale: data units for absolute scale (2=mb/sr)

- idir: scale (1=ratio to Rutherford)

- abserr: specified errors are absolute (T) or relative (F).
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output of SFRESCO
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FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

sfresco.out

Var 1=V value 15.400000

Var 2=W value 13.200000

Total ChiSq/N = 78.8745 from 78.874

(...)

PARAMETER CORRELATION COEFFICIENTS

NO. GLOBAL 1 2

1 0.62638 1.000-0.626

2 0.62638 -0.626 1.000

(...)

Var 1=V value 12.440562, step 0.2000, error 4.4317

Var 2=W value 60.305833, step 0.2000, error 4.9913

Angle Datum Abs. error Theory Chi

43.700 1.0103 0.14000E-01 0.99683 0.9199

73.760 0.67003 0.14000E-01 0.66383 0.1962

103.537 0.11577 0.13940E-01 0.14595 4.6878

121.296 0.61940E-01 0.77800E-02 0.59023E-01 0.1406

133.351 0.43690E-01 0.88800E-02 0.34596E-01 1.0489

151.332 0.27630E-01 0.70100E-02 0.18740E-01 1.6082

Total ChiSq/N = 1.4336 from 1.434

(...)
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After fit
 30FRESCO Optical model calculations with FRESCO OM fits with SFRESCO Input examples for inelastic scattering Transfer with FRESCO

8Li+208Pb OM after fit
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